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ÁÛÑÒÐÎ ÎÑÖÈËËÈÐÓÞÙÈÌ ÏÎÒÅÍÖÈÀËÎÌ

Èçó÷àåòñÿ ñïåêòð îäíîìåðíîãî îïåðàòîðà Øðåäèíãåðà, âîçìóùåííîãî áûñòðî
îñöèëëèðóþùèì ïîòåíöèàëîì. Ïåðèîä îñöèëëÿöèé ÿâëÿåòñÿ ìàëûì ïàðàìåò-
ðîì. Â ÿâíîì âèäå íàéäåí ñóùåñòâåííûé ñïåêòð ðàññìàòðèâàåìîãî îïåðàòî-
ðà. Èçó÷åíû âîïðîñû ñóùåñòâîâàíèÿ äèñêðåòíîãî ñïåêòðà. Ïîñòðîåíû ïîëíûå
àñèìïòîòè÷åñêèå ðàçëîæåíèÿ ñîáñòâåííûõ çíà÷åíèé è ñîîòâåòñòâóþùèõ ñîá-
ñòâåííûõ ôóíêöèé. Áèáëèîãð.: 35 íàçâ.

§ 0. Ââåäåíèå

Èçó÷åíèþ àñèìïòîòè÷åñêèõ ñâîéñòâ ðåøåíèé êðàåâûõ çàäà÷ ñ áûñòðî îñöèëëèðóþùèìè âîç-
ìóùåíèÿìè ïîñâÿùåíî áîëüøîå ÷èñëî êíèã è ñòàòåé (ñì., íàïðèìåð, ìîíîãðàôèè [1�7] è ñî-
äåðæàùèéñÿ òàì îáçîð ëèòåðàòóðû). Ìíîãî âíèìàíèÿ óäåëÿåòñÿ èññëåäîâàíèþ ñïåêòðàëüíûõ
ñâîéñòâ òàêîãî ðîäà çàäà÷ â îãðàíè÷åííûõ îáëàñòÿõ (ñì., íàïðèìåð, [3, ãë. 4, § 10; 5, ãë. III;
6, ãë. XI]. Ñïåêòðàëüíûå ñâîéñòâà äèôôåðåíöèàëüíûõ îïåðàòîðîâ â íåîãðàíè÷åííûõ îáëàñòÿõ ñ
áûñòðî îñöèëëèðóþùèìè âîçìóùåíèÿìè òàêæå ïðåäñòàâëÿþò áîëüøîé èíòåðåñ, òàê êàê òàêèå
îïåðàòîðû âîçíèêàþò âî ìíîãèõ ïðèëîæåíèÿõ. Â êà÷åñòâå ïðèìåðîâ îòìåòèì ìàòåìàòè÷åñêèå
ìîäåëè ôîòîííûõ êðèñòàëëîâ � ìàòåðèàëîâ ñ âûñîêîêîíòðàñòíîé ñòðóêòóðîé (ñì. [8]), à òàêæå
ïîëóêëàññè÷åñêóþ ìîäåëü äèíàìèêè ýëåêòðîíîâ â ìåòàëëàõ (ñì. [9]). Ñòðîãîå ìàòåìàòè÷åñêîå
èññëåäîâàíèå ýòèõ ìîäåëåé ïðîâîäèëîñü âî ìíîãèõ ðàáîòàõ. Íå ñòàâÿ öåëüþ ïåðå÷èñëèòü âñå ýòè
ñòàòüè, ìû îòìåòèì òîëüêî ðàáîòû [10, 11] ïî ôîòîííûì êðèñòàëëàì è [12, 13] ïî ïîëóêëàññè÷å-
ñêîé ìîäåëè äèíàìèêè ýëåêòðîíîâ. Îòìåòèì òàêæå ðàáîòû [14�17], ãäå ìåòîäàìè ñïåêòðàëüíîé
òåîðèè íåîãðàíè÷åííûõ îïåðàòîðîâ ðàçðàáîòàíà àáñòðàêòíàÿ îïåðàòîðíàÿ ñõåìà äëÿ óñðåäíåíèÿ
ïåðèîäè÷åñêèõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ôèçèêè â íåîãðàíè÷åííûõ îáëàñòÿõ ñ áûñòðî îñ-
öèëëèðóþùèìè ïåðèîäè÷åñêèìè âîçìóùåíèÿìè è áûë äîêàçàí ðÿä òåîðåì ñõîäèìîñòè. Âìåñòå
ñ òåì, ñïåêòðàëüíûå ñâîéñòâà äèôôåðåíöèàëüíûõ îïåðàòîðîâ â íåîãðàíè÷åííûõ îáëàñòÿõ èçó-
÷åíû íåäîñòàòî÷íî ïîäðîáíî è äàæå ïðîñòûå â ïîñòàíîâêå çàäà÷è äî ñèõ ïîð íå èññëåäîâàíû.

Ðàáîòà ÷àñòè÷íî ïîääåðæàíà Ðîññèéñêèì ôîíäîì ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ãðàíòû no. 06-01-00138,
05-01-97912-ð_àãèäåëü) è ñòèïåíäèåé �Marie Curie International Fellowship� â ðàìêàõ 6-é Åâðîïåéñêîé ðàìî÷íîé
ïðîãðàììû (MIF1-CT-2005-006254).
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Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ îäíîìó èç òàêèõ ïðèìåðîâ. À èìåííî, ðàññìàòðèâàåòñÿ
çàäà÷à î ñïåêòðå îïåðàòîðà

Hε := − d2

dx2
+ V (x) + a

(x

ε

)

â L2(R) ñ îáëàñòüþ îïðåäåëåíèÿ W 2
2 (R). Çäåñü V � âåùåñòâåííàÿ áåñêîíå÷íî äèôôåðåíöèðóå-

ìàÿ ôèíèòíàÿ ôóíêöèÿ, a � âåùåñòâåííàÿ 1-ïåðèîäè÷åñêàÿ íåïðåðûâíàÿ ôóíêöèÿ, ε � ìàëûé
ïîëîæèòåëüíûé ïàðàìåòð. Ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèè α è V íå ðàâíû òîæäåñòâåííî íóëþ.

Îñíîâíàÿ öåëü ðàáîòû � èçó÷åíèå ñòðóêòóðû è àñèìïòîòè÷åñêîãî ïîâåäåíèÿ ñïåêòðà îïå-
ðàòîðà Hε ïðè ε → 0. Â ñòàòüå ÿâíî ïîñòðîåí ñóùåñòâåííûé ñïåêòð äàííîãî îïåðàòîðà. Èññëå-
äîâàíû âîïðîñû ñóùåñòâîâàíèÿ, êîëè÷åñòâà è ñõîäèìîñòè ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà Hε.
Êðîìå òîãî, ïîñòðîåíû ïîëíûå àñèìïòîòè÷åñêèå ðàçëîæåíèÿ äëÿ äàííûõ ñîáñòâåííûõ çíà÷åíèé
è ñîîòâåòñòâóþùèõ ñîáñòâåííûõ ôóíêöèé.

Îòìåòèì, ÷òî ñõîæàÿ çàäà÷à î ñïåêòðå îïåðàòîðà

− d2

dξ2 + p(ξ) + q(εξ)

â L2(R), íåäàâíî ðàññìîòðåíà â [13]. Çäåñü ε � ìàëûé ïîëîæèòåëüíûé ïàðàìåòð, p � ïåðèîäè÷å-
ñêàÿ ôóíêöèÿ è q � áûñòðî óáûâàþùàÿ ôóíêöèÿ. Çàìåíà ïåðåìåííîé x = εξ ñâîäèò ýòó çàäà÷ó
ê çàäà÷å î ñïåêòðå îïåðàòîðà

−ε2 d2

dx2 + p
(x

ε

)
+ q(x),

ãäå ïîòåíöèàë p
(

x
ε

)
îêàçûâàåòñÿ áûñòðî îñöèëëèðóþùåé ôóíêöèåé. Ïðè âåñüìà æåñòêèõ îãðà-

íè÷åíèÿõ (â ÷àñòíîñòè, òðåáîâàíèå àíàëèòè÷íîñòè ïîòåíöèàëà q), áûëè ïîëó÷åíû ïåðâûå ÷ëåíû
àñèìïòîòè÷åñêèõ ðàçëîæåíèé äëÿ ñîáñòâåííûõ çíà÷åíèé, ëåæàùèõ â íåêîòîðîì çàäàííîì ïîäûí-
òåðâàëå çàäàííîé ëàêóíû ñóùåñòâåííîãî ñïåêòðà.

Êðàòêî îïèøåì ñòðóêòóðó ñòàòüè. Â § 1 ôîðìóëèðóþòñÿ îñíîâíûå ðåçóëüòàòû. Â § 2 äà-
íî îïèñàíèå ñóùåñòâåííîãî ñïåêòðà îïåðàòîðà Hε. Â § 3 èññëåäóþòñÿ âîïðîñû ñóùåñòâîâàíèÿ,
êîëè÷åñòâà è ñõîäèìîñòè ñîáñòâåííûõ çíà÷åíèé, ëåæàùèõ â ïîëóáåñêîíå÷íîé ëàêóíå ñóùåñòâåí-
íîãî ñïåêòðà. Â § 4�5 ñòðîÿòñÿ àñèìïòîòè÷åñêèå ðàçëîæåíèÿ äëÿ ýòèõ ñîáñòâåííûõ çíà÷åíèé è
ñîîòâåòñòâóþùèõ ñîáñòâåííûõ ôóíêöèé. Â § 6 èçó÷àþòñÿ âîïðîñû ñóùåñòâîâàíèÿ è êîëè÷åñòâà
ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà Hε, ëåæàùèõ âî âíóòðåííèõ ëàêóíàõ ñóùåñòâåííîãî ñïåêòðà. Â
§ 7 ñòðîÿòñÿ àñèìïòîòè÷åñêèå ðàçëîæåíèÿ äëÿ äàííûõ ñîáñòâåííûõ çíà÷åíèé è ñîîòâåòñòâóþùèõ
ñîáñòâåííûõ ôóíêöèé.

Ðåçóëüòàòû íàñòîÿùåé ðàáîòû ÷àñòè÷íî àíîíñèðîâàíû â [18].

§ 1. Îñíîâíûå ðåçóëüòàòû

Áåç îãðàíè÷åíèÿ îáùíîñòè ñ÷èòàåì, ÷òî ôóíêöèÿ a óäîâëåòâîðÿåò ðàâåíñòâó

1∫

0

a(ξ) dξ = 0. (1.1)

Äàííîãî ðàâåíñòâà âñåãäà ìîæíî äîáèòüñÿ, ïðîèçâîäÿ ñäâèã ñïåêòðà îïåðàòîðà Hε è äîáàâëÿÿ
ñîîòâåòñòâóþùóþ êîíñòàíòó ê ôóíêöèè a. Ñèìâîëàìè σ(·), σdisc(·) è σess(·) îáîçíà÷àåì ñîîò-
âåòñòâåííî ñïåêòð, äèñêðåòíûé ñïåêòð è ñóùåñòâåííûé ñïåêòð. ßñíî, ÷òî îïåðàòîðû Hε è H0

ñàìîñîïðÿæåíû.
Ïåðâûé ðåçóëüòàò äàííîé ñòàòüè îïèñûâàåò ñóùåñòâåííûé ñïåêòð îïåðàòîðà Hε.

Òåîðåìà 1.1. Ñóùåñòâåííûé ñïåêòð îïåðàòîðà Hε äàåòñÿ ðàâåíñòâîì
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σess(Hε) =
∞⋃

n=0

[
µ+

n (ε2), µ−n+1(ε
2)

]
.

Ôóíêöèè µ±n (·) ìåðîìîðôíû è èìåþò âèä

µ+
0 (t) =

∞∑

i=1

µ+
0,it

i, (1.2)

µ±n (t) =
π2n2

t
+

∞∑

i=0

µ±n,it
i. (1.3)

Êîýôôèöèåíòû äàííûõ ðÿäîâ îïðåäåëÿþòñÿ ñîãëàñíî (2.10), (2.19), (2.22), (2.24) è, â ÷àñòíîñòè,

µ+
0,1 = −

1∫

0




ξ∫

0

a(η) dη +

1∫

0

a(η)η dη




2

dξ, (1.4)

µ±n,0 = ±
√

a2
n + b2

n, (1.5)

ãäå

an =

1∫

0

a(ξ) cos 2πnξ dξ,

bn =

1∫

0

a(ξ) sin 2πnξ dξ.

Ëàêóíà (µ−n , µ+
n ) â ñóùåñòâåííîì ñïåêòðå îïåðàòîðà Hε îòñóòñòâóåò, åñëè èìååò ìåñòî

ñëó÷àé (2) ëåììû 2.7.

Ñîãëàñíî òåîðåìå 1.1 ñóùåñòâåííûé ñïåêòð îïåðàòîðà Hε èìååò çîííóþ ñòðóêòóðó è ñîñòî-
èò èç áåñêîíå÷íîãî íàáîðà îòðåçêîâ [µ+

n (ε2), µ−n+1(ε
2)]. Êàæäûé èç ýòèõ îòðåçêîâ èìååò äëèíó

ïîðÿäêà O(ε−2). Ëàêóíû (µ−n (ε2), µ+
n (ε2)), n > 1, â ñóùåñòâåííîì ñïåêòðå �óáåãàþò� â áåñêîíå÷-

íîñòü ïðè ε → 0, îñòàâàÿñü ïðè ýòîì îãðàíè÷åííûìè ïî äëèíå. Óñëîâèåì êîíå÷íîñòè n-é ëàêóíû
ÿâëÿåòñÿ íåðàâåíñòâî a2

n + b2
n 6= 0 (ñì. (1.3), (1.5)). Â ïðîòèâíîì ñëó÷àå äëèíà ëàêóíû ñòðåìèòñÿ

ê íóëþ ïðè ε → 0. Ãðàíèöà µ+
0 ñóùåñòâåííîãî ñïåêòðà ðàñïîëîæåíà ëåâåå íóëÿ è èìååò ïîðÿäîê

O(ε2), òàê êàê µ+
0,1 < 0.

Îñíîâíûå ðåçóëüòàòû ðàáîòû ïîñâÿùåíû îïèñàíèþ ïîâåäåíèÿ äèñêðåòíîãî ñïåêòðà îïåðàòî-
ðà Hε. Â ñëó÷àå ñóùåñòâîâàíèÿ, ñîáñòâåííûå çíà÷åíèÿ ëåæàò â ëàêóíàõ íåïðåðûâíîãî ñïåêòðà.
Îòìåòèì, ÷òî â ñèëó åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè êàæäîå èç ýòèõ ñîáñòâåííûõ çíà÷å-
íèé ïðîñòîå.

Ñëåäóþùàÿ ÷àñòü ðåçóëüòàòîâ îïèñûâàåò äèñêðåòíûé ñïåêòð îïåðàòîðà Hε â ïîëóáåñêîíå÷-
íîé ëàêóíå (−∞, µ+

0 (ε2)). Äëÿ ôîðìóëèðîâêè ýòèõ ðåçóëüòàòîâ íàì ïîíàäîáÿòñÿ äîïîëíèòåëüíûå
îáîçíà÷åíèÿ.

Ðàññìîòðèì îïåðàòîð

H0 := − d2

dx2
+ V (x)

â L2(R) ñ îáëàñòüþ îïðåäåëåíèÿ W 2
2 (R). Êàê èçâåñòíî, ñóùåñòâåííûé ñïåêòð îïåðàòîðà H0 ñîâ-

ïàäàåò ñ ïîëîæèòåëüíîé ïîëóîñüþ [0, +∞), à äèñêðåòíûé ñïåêòð îïåðàòîðà H0 ïóñò ëèáî ñîñòîèò
èç êîíå÷íîãî ÷èñëà ïðîñòûõ îòðèöàòåëüíûõ ñîáñòâåííûõ çíà÷åíèé (ñì. [19, § 30, Òåîðåìà 8, §
31, Òåîðåìà 25]). Îáîçíà÷èì ýòè ñîáñòâåííûå çíà÷åíèÿ ÷åðåç λ

(n)
0 , n = −K, . . . ,−1, ãäå K > 0



1616 Ä. È. Áîðèñîâ

(ñëó÷àé K = 0 ñîîòâåòñòâóåò îòñóòñòâèþ äèñêðåòíîãî ñïåêòðà ó îïåðàòîðà H0). Ñ÷èòàåì, ÷òî
ñîáñòâåííûå çíà÷åíèÿ λ

(n)
0 ðàñïîëîæåíû â ïîðÿäêå âîçðàñòàíèÿ:

λ
(−K)
0 < λ

(−K+1)
0 < . . . < λ

(−1)
0 < 0.

Ñîîòâåòñòâóþùèå îðòîíîðìèðîâàííûå â L2(R) ñîáñòâåííûå ôóíêöèè îáîçíà÷èì ÷åðåç ψ
(n)
0 .

Ïóñòü x0 òàêîå, ÷òî supp V ⊂ (−x0, x0).

Òåîðåìà 1.2. Ïðåäïîëîæèì, ÷òî íå ñóùåñòâóåò íåòðèâèàëüíîãî ðåøåíèÿ çàäà÷è

(
− d2

dx2
+ V

)
ψ

(0)
0 = 0, x ∈ R, ψ

(0)
0 (x) = ψ

(0)
0 (±x0), ±x > x0, (1.6)

â êëàññå W 2
2,loc(R). Òîãäà äëÿ äîñòàòî÷íî ìàëûõ ε îïåðàòîð Hε èìååò ðîâíî K ñîáñòâåííûõ

çíà÷åíèé λ
(n)
ε , n = −K, . . . ,−1, â ïîëóáåñêîíå÷íîé ëàêóíå (−∞, µ+

0 (ε2)), êàæäîå èç êîòîðûõ
ÿâëÿåòñÿ ïðîñòûì è èìååò àñèìïòîòè÷åñêîå ðàçëîæåíèå

λ(n)
ε = λ

(n)
0 +

∞∑

i=2

εiλ
(n)
i , (1.7)

λ
(n)
2 = µ+

0,1, λ
(n)
3 = 0, λ

(n)
4 = µ+

0,2 − 4
∫

R

∣∣∣dψ
(n)
0

dx

∣∣∣
2

dx

1∫

0

|Ψ(ξ)|2 dξ, (1.8)

Ψ(ξ) := −
ξ∫

0

(ξ − η)a(η) dη +
1
2

1∫

0

(η2 − η − 2ξη)a(η) dη 6≡ 0. (1.9)

Òåîðåìà 1.3. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò íåòðèâèàëüíîå ðåøåíèå çàäà÷è (1.6) â êëàñ-
ñå W 2

2,loc(R). Òîãäà äëÿ äîñòàòî÷íî ìàëûõ ε îïåðàòîð Hε èìååò ðîâíî (K + 1) ñîáñòâåííûõ
çíà÷åíèé λ

(n)
0 , n = −K, . . . , 0, â ïîëóáåñêîíå÷íîé ëàêóíå (−∞, µ+

0 ). Ñîáñòâåííûå çíà÷åíèÿ λ
(n)
ε ,

n = −K, . . . ,−1, ïðîñòûå è èìåþò àñèìïòîòèêè (1.7), (1.8). Ñîáñòâåííîå çíà÷åíèå λ
(0)
ε ÿâëÿ-

åòñÿ ïðîñòûì è èìååò àñèìïòîòèêó

λ(0)
ε =

∞∑

i=2

εiλ
(0)
i , (1.10)

λ
(0)
2j = µ+

0,j , λ
(0)
2j+1 = 0, j = 1, 2, 3,

λ
(0)
8 = µ+

0,4 − 16




∫

R

∣∣∣dψ
(0)
0

dx

∣∣∣
2

dx

1∫

0

|Ψ(ξ)|2 dξ




2

,
(1.11)

ãäå

β± = ψ
(0)
0 (±x0), β2

+ + β2
− = 1, (1.12)

à ôóíêöèÿ Ψ îïðåäåëåíà ðàâåíñòâîì (1.9).

Çàìå÷àíèå 1.1. Åñëè íåòðèâèàëüíîå ðåøåíèå çàäà÷è (1.6) ñóùåñòâóåò, òî îíî åäèíñòâåííî
ñ òî÷íîñòüþ äî ÷èñëîâîãî ìíîæèòåëÿ è áåñêîíå÷íî äèôôåðåíöèðóåìî. Íîðìèðóþùåå óñëîâèå
(1.12) îïðåäåëÿåò òàêîå ðåøåíèå îäíîçíà÷íî. Îòìåòèì òàêæå, ÷òî β± 6= 0, òàê êàê êàæäîå èç
ðàâåíñòâ β± = 0 ïðîòèâîðå÷èò íåòðèâèàëüíîñòè ôóíêöèè ψ

(0)
0 .
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Ââèäó òåîðåì 1.2, 1.3 ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà Hε, ëåæàùèå â ïîëóáåñêîíå÷íîé ëà-
êóíå, ñõîäÿòñÿ ê ñîáñòâåííûì çíà÷åíèÿì îïåðàòîðà H0 ëèáî ê êðàþ åãî ñóùåñòâåííîãî ñïåêòðà.
Êðîìå òîãî, ëàêóíû â ñóùåñòâåííîì ñïåêòðå îïåðàòîðà Hε â ïðåäåëå �èñ÷åçàþò� â áåñêîíå÷íîñòè,
à íèæíÿÿ ãðàíèöà µ+

0 (ε2) ýòîãî ñïåêòðà ñõîäèòñÿ ê íèæíåé ãðàíèöå ñóùåñòâåííîãî ñïåêòðà îïå-
ðàòîðà H0. Ïîäîáíûé ýôôåêò ìîæíî èíòåðïðåòèðîâàòü êàê ñõîäèìîñòü â îïðåäåëåííîì ñìûñëå
ñóùåñòâåííîãî ñïåêòðà îïåðàòîðà Hε ê ñóùåñòâåííîìó ñïåêòðó îïåðàòîðà H0. Ïîýòîìó îïåðà-
òîð Hε ìîæíî ðàññìàòðèâàòü êàê âîçìóùåíèå îïåðàòîðà H0 ïîòåíöèàëîì a

(x

ε

)
. Îòìåòèì, ÷òî

òàêîå âîçìóùåíèå ñäâèãàåò ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà H0 âëåâî, ïðè÷åì âåëè÷èíà ñäâèãà
â ãëàâíûõ ÷ëåíàõ ñîâïàäàåò ñî ñäâèãîì ãðàíèöû ñóùåñòâåííîãî ñïåêòðà. Âåëè÷èíà ñäâèãà ñîá-
ñòâåííûõ çíà÷åíèé H0 áîëüøå ñäâèãà ñóùåñòâåííîãî ñïåêòðà, òàê êàê ñóììà (λ(n)

0 −λ
(n)
ε +µ+

0 (ε2))
ïîëîæèòåëüíà è èìååò ïîðÿäîê O(ε4).

Êðîìå ñîáñòâåííûõ çíà÷åíèé, ñõîäÿùèõñÿ ïðè ε → 0 ê ñîáñòâåííûì çíà÷åíèÿì îïåðàòîðà
H0, îïåðàòîð Hε â ïîëóáåñêîíå÷íîé ëàêóíå ìîæåò èìåòü äîïîëíèòåëüíîå ñîáñòâåííîå çíà÷åíèå,
âîçíèêàþùåå èç ãðàíèöû ñóùåñòâåííîãî ñïåêòðà. Ñóùåñòâîâàíèå äàííîãî ñîáñòâåííîãî çíà÷åíèÿ
ýêâèâàëåíòíî ñóùåñòâîâàíèþ íåòðèâèàëüíîãî ðåøåíèÿ çàäà÷è (1.6). ßñíî, ÷òî ñóùåñòâîâàíèå
ýòîãî ðåøåíèÿ íå çàâèñèò îò âûáîðà òî÷êè x0 è ïîëíîñòüþ îïðåäåëÿåòñÿ ïîòåíöèàëîì V . Â
ñëó÷àå âîçíèêíîâåíèÿ ñîáñòâåííîãî çíà÷åíèÿ èç ãðàíèöû ñóùåñòâåííîãî ñïåêòðà, ðàññòîÿíèå îò
äàííîãî ñîáñòâåííîãî çíà÷åíèÿ äî ãðàíèöû ñóùåñòâåííîãî ñïåêòðà îïåðàòîðà Hε èìååò ïîðÿäîê
O(ε8).

Òàêèì îáðàçîì, ïî îòíîøåíèþ ê ñîáñòâåííûì çíà÷åíèÿì â ïîëóáåñêîíå÷íîé ëàêóíå è ãðàíèöå
ñóùåñòâåííîãî ñïåêòðà îïåðàòîðà H0 ïîòåíöèàë a

(
x
ε

)
âåäåò ñåáÿ êàê îòðèöàòåëüíî îïðåäåëåííîå

âîçìóùåíèå. Îòìåòèì, ÷òî ñõîæèé ýôôåêò íà ïðèìåðå ñîáñòâåííîãî çíà÷åíèÿ, âîçíèêàþùåãî èç
ãðàíèöû ñóùåñòâåííîãî ñïåêòðà, ðàíåå áûë îáíàðóæåí â [20, 21] äëÿ îïåðàòîðà

− d2

dx2 + εV (x),

ãäå V � ôèíèòíàÿ ëèáî äîñòàòî÷íî áûñòðî óáûâàþùàÿ ôóíêöèÿ ñ íóëåâûì ñðåäíèì.
Äàëüíåéøèå ðåçóëüòàòû â äàííîé ñòàòüå îòíîñÿòñÿ ê äèñêðåòíîìó ñïåêòðó îïåðàòîðà Hε âî

âíóòðåííèõ ëàêóíàõ. Ìû ðàññìàòðèâàåì òîëüêî òå ëàêóíû
(
µ−n (ε2), µ+

n (ε2)
)
, n > 1, äëÿ êîòîðûõ

âûïîëíåíî óñëîâèå a2
n + b2

n 6= 0, ÷òî ýêâèâàëåíòíî êîíå÷íîñòè äëèíû ëàêóíû.

Òåîðåìà 1.4. Ïóñòü äëÿ íåêîòîðîãî n > 1 ïî êðàéíåé ìåðå îäíî èç ÷èñåë an è bn íå ðàâíî
íóëþ. Òîãäà îïåðàòîð Hε èìååò íå áîëåå äâóõ ñîáñòâåííûõ çíà÷åíèé â ëàêóíå

(
µ−n (ε2), µ+

n (ε2)
)
.

Êàæäîå èç ýòèõ ñîáñòâåííûõ çíà÷åíèé ïðîñòîå è óäîâëåòâîðÿåò ðàâåíñòâó

λε − µ(ε2) = o(1), ε → 0, (1.13)

ãäå µ = µ−n èëè µ = µ+
n . Åñëè â ëàêóíå

(
µ−n (ε2), µ+

n (ε2)
)
ñîäåðæèòñÿ äâà ñîáñòâåííûõ çíà÷åíèÿ

îïåðàòîðà Hε, òî îäíî èç íèõ óäîâëåòâîðÿåò ðàâåíñòâó (1.13) ñ µ = µ−n , à äðóãîå � ñ µ = µ+
n .

Ïóñòü âûïîëíåíî óñëîâèå äàííîé òåîðåìû. Åñëè â ëàêóíå
(
µ−n (ε2), µ+

n (ε2)
)
ñóùåñòâóåò ñîá-

ñòâåííîå çíà÷åíèå îïåðàòîðà Hε, óäîâëåòâîðÿþùåå (1.13) ñ µ = µ−n , òî îáîçíà÷èì ýòî ñîáñòâåííîå
çíà÷åíèå ÷åðåç λ

(n)
ε,−. Àíàëîãè÷íî, åñëè â ëàêóíå

(
µ−n (ε2), µ+

n (ε2)
)
ñóùåñòâóåò ñîáñòâåííîå çíà÷å-

íèå îïåðàòîðà Hε, óäîâëåòâîðÿþùåå (1.13) ñ µ = µ+
n , òî îáîçíà÷èì ýòî ñîáñòâåííîå çíà÷åíèå

÷åðåç λ
(n)
ε,+.

Òåîðåìà 1.5. Ïóñòü äëÿ íåêîòîðîãî n > 1 ïî êðàéíåé ìåðå îäíî èç ÷èñåë an è bn íå ðàâíî
íóëþ. Òîãäà
(1) Îïåðàòîð Hε èìååò ñîáñòâåííîå çíà÷åíèå λ

(n)
ε,− òîãäà è òîëüêî òîãäà, êîãäà

∫

R

V (x) dx > 0.

(2) Îïåðàòîð Hε èìååò ñîáñòâåííîå çíà÷åíèå λ
(n)
ε,+ òîãäà è òîëüêî òîãäà, êîãäà
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∫

R

ζ+
n

(x

ε
, ε2

) (
I + εV T+

14(ε)
)−1

V (x)ζ+
n

(x

ε
, ε2

)
dx < 0. (1.14)

Çäåñü ôóíêöèÿ ζ+
n îïðåäåëÿåòñÿ ôîðìóëàìè (2.13), (2.18), (2.23) è ëåììîé 2.8, à îïåðàòîð

T+
14 îïðåäåëåí ðàâåíñòâîì (6.20).

Òåîðåìà 1.6. Ïóñòü äëÿ íåêîòîðîãî n > 1 ïî êðàéíåé ìåðå îäíî èç ÷èñåë an è bn íå ðàâíî
íóëþ è ∫

R

V (x) dx > 0.

Òîãäà àñèìïòîòèêà ñîáñòâåííîãî çíà÷åíèÿ λ
(n)
ε,− èìååò âèä

λ
(n)
ε,− =

π2n2

ε2
+

∞∑

i=0

εiλ
(n)
i,−, (1.15)

λ
(n)
0,− = µ−n,0, λ

(n)
1,− = 0, λ

(n)
2,− = µ−n,1 +

2π2n2
(
τ−2

)2

√
a2

n + b2
n

, (1.16)

ãäå

τ−2 :=

√
a2

n + b2
n

π2n2

∫

R

V (x) dx.

Åñëè ∫

R

V (x) dx = 0,

òî

λ
(n)
2,− = µ−n,1, λ

(n)
3,− = λ

(n)
5,− = 0, λ

(n)
4,− = µ−n,2, λ

(n)
6,− = µ−n,3 +

2π2n2
(
τ−4

)2

√
a2

n + b2
n

,

ãäå

τ−4 :=
2
√

a2
n + b2

n

π4n4


2

∫

R

V 2(x) dx +
√

a2
n + b2

n

∫

R




∫

R

sgn(x− t)V (t) dt




2

dx


 .

Òåîðåìà 1.7. Ïóñòü äëÿ íåêîòîðîãî n > 1 ïî êðàéíåé ìåðå îäíî èç ÷èñåë an è bn íå
ðàâíî íóëþ. Ïóñòü ñóùåñòâóåò íàòóðàëüíîå ÷èñëî n+ òàêîå, ÷òî ÷èñëà τ+

i , îïðåäåëåííûå
ëåììîé 7.2, óäîâëåòâîðÿþò ñîîòíîøåíèÿì

τ+
i = 0, i 6 n+ − 1, τn+ 6= 0.

Â ýòîì ñëó÷àå ñîáñòâåííîå çíà÷åíèå λ
(n)
ε,+ ñóùåñòâóåò òîãäà è òîëüêî òîãäà, êîãäà τn+ > 0.

Àñèìïòîòèêà ñîáñòâåííîãî çíà÷åíèÿ λ
(n)
ε,+ èìååò âèä

λ
(n)
ε,+ =

π2n2

ε2
+

∞∑

i=0

εiλ
(n)
i,+ (1.17)

λ
(n)
2j,+ = µ+

n,j , λ
(n)
2j+1,+ = 0, j 6 n+ − 2, λ

(n)
2n+−2,+ = µ+

n,n+
−

2π2n2
(
τ+
n+

)2

√
a2

n + b2
n

. (1.18)

Â ÷àñòíîñòè,
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τ+
2 =

√
a2

n + b2
n

π2n2

∫

R

V (x) dx, τ+
3 = 0 (1.19)

τ+
2 =

√
a2

n + b2
n

π2n2

∫

R

V (x) dx, τ+
3 = 0,

è

τ+
4 := −2

√
a2

n + b2
n

π4n4

(
2

∫

R

V 2(x) dx−
√

a2
n + b2

n

∫

R

( ∫

R

sgn(x− t)V (t) dt

)2

dx

)
, (1.20)

åñëè ∫

R

V (x) dx = 0.

Çàìå÷àíèå 1.2. Â § 4, 5, 7 ïðèâåäåí àëãîðèòì îïðåäåëåíèÿ âñåõ êîýôôèöèåíòîâ ðÿäîâ
(1.7), (1.10), (1.15), (1.17). Ìû âûïèñûâàåì ýòè ôîðìóëû â òåîðåìàõ 1.2, 1.3, 1.6, 1.7, òàê êàê
îíè âêëþ÷àþò áîëüøîå ÷èñëî äîïîëíèòåëüíûõ îáîçíà÷åíèé. Ïî òîé æå ïðè÷èíå ìû íå ïðèâî-
äèì çäåñü àñèìïòîòè÷åñêèõ ðàçëîæåíèé ñîáñòâåííûõ ôóíêöèé îïåðàòîðà Hε, à ôîðìóëèðóåì
ñîîòâåòñòâóþùèå óòâåðæäåíèÿ â êîíöå § 4, 5, 7 (òåîðåìû 4.1, 5.1, 7.1).

Ñîãëàñíî óòâåðæäåíèþ (1) òåîðåìû 1.5 ñîáñòâåííîå çíà÷åíèå λ
(n)
ε,− ñóùåñòâóåò òîãäà è òîëüêî

òîãäà, êîãäà
∫

R

V (x) dx > 0,

à â ñèëó òåîðåìû 1.7 è ôîðìóëû (1.19) äëÿ τ+
2 ñîáñòâåííîå çíà÷åíèå λ

(n)
ε,+ ñóùåñòâóåò, åñëè

∫

R

V (x) dx < 0,

è îòñóòñòâóåò, åñëè ∫

R

V (x) dx > 0.

Òàêèì îáðàçîì, â êîíå÷íîé ëàêóíå
(
µ−n (ε2), µ+

n (ε2)
)
âñåãäà ñóùåñòâóåò ïî ìåíüøåé ìåðå îäíî

ñîáñòâåííîå çíà÷åíèå îïåðàòîðà Hε. Áîëåå òîãî, â ñëó÷àå∫

R

V (x) dx 6= 0

â êîíå÷íîé ëàêóíå ñóùåñòâóåò ðîâíî îäíî ñîáñòâåííîå çíà÷åíèå, êîòîðîå ðàñïîëîæåíî âîçëå
îäíîãî èç êðàåâ ëàêóíû â çàâèñèìîñòè îò çíàêà∫

R

V (x) dx

è îòëè÷àåòñÿ îò ýòîãî êðàÿ íà âåëè÷èíó ïîðÿäêà O(ε2). Åñëè∫

R

V (x) dx = 0,

òî â êîíå÷íîé ëàêóíå ñóùåñòâóåò ñîáñòâåííîå çíà÷åíèå λ
(n)
ε,−, êîòîðîå îòñòîèò îò ëåâîãî êðàÿ

íà âåëè÷èíó ïîðÿäêà O(ε6). Ñóùåñòâîâàíèå ñîáñòâåííîãî çíà÷åíèÿ λ
(n)
ε,+ îïðåäåëÿåòñÿ ÷èñëàìè

τ+
i , ïîñòðîåííûìè â § 6 (ñì. (7.25), (1.20)). Â ÷àñòíîñòè, èç òåîðåìû 1.7 è (1.20) ñëåäóåò, ÷òî
ñîáñòâåííîå çíà÷åíèå λ

(n)
ε,− ñóùåñòâóåò, åñëè
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2
∫

R

V 2(x) dx <
√

a2
n + b2

n

∫

R

( ∫

R

sgn(x− t)V (t) dt

)2

dx (1.21)

è îòñóòñòâóåò, åñëè âûïîëíåíî ïðîòèâîïîëîæíîå íåðàâåíñòâî. ßñíî, ÷òî äëÿ çàäàííîãî ïîòåíöè-
àëà V âñåãäà ìîæíî äîáèòüñÿ ëþáîãî çíàêà â äàííîì íåðàâåíñòâå çà ñ÷åò ïîäõîäÿùåãî âûáîðà
a.

Ïîä÷åðêíåì, ÷òî ïðè èçó÷åíèè ïîâåäåíèÿ äèñêðåòíîãî ñïåêòðà âî âíóòðåííèõ ëàêóíàõ îïå-
ðàòîðà Hε âîçìóùåíèåì ôàêòè÷åñêè ÿâëÿåòñÿ ïîòåíöèàë V , íå çàâèñÿùèé îò ε, à â êà÷åñòâå
íåâîçìóùåííîãî óìåñòíî ðàññìàòðèâàòü îïåðàòîð

− d2

dx2
+ a

(x

ε

)
.

Ñ ýòîé òî÷êè çðåíèÿ äîñòàòî÷íî åñòåñòâåííûì ÿâëÿåòñÿ ðåçóëüòàò î òîì, ÷òî ðåøàþùóþ ðîëü
ïðè îïðåäåëåíèè ñóùåñòâîâàíèÿ ñîáñòâåííûõ çíà÷åíèé âî âíóòðåííèõ ëàêóíàõ èãðàåò ñðåäíåå
îò ïîòåíöèàëà V ïî îñè.

Ñëåäóåò òàêæå îòìåòèòü, ÷òî â ñëó÷àå ñóùåñòâîâàíèÿ ñîáñòâåííîå çíà÷åíèå λ
(n)
ε,+ îòëè÷àåòñÿ

îò ïðàâîãî êðàÿ ëàêóíû íà âåëè÷èíó O(ε2m), ãäå m > 3, ïðè÷åì ñëó÷àé m > 3 òàêæå ìîæíî
ðåàëèçîâàòü, äëÿ ÷åãî äîñòàòî÷íî âûáðàòü ïîòåíöèàëû a è V òàê, ÷òîáû ïîëó÷èòü ðàâåíñòâî
ëåâîé è ïðàâîé ÷àñòåé â (1.21).

Òàêèì îáðàçîì, â îòëè÷èå îò ñëó÷àÿ ïîëóáåñêîíå÷íîé ëàêóíû, â êîíå÷íîé ëàêóíå ïîòåíöèàë
a

(
x
ε

)
âåäåò ñåáÿ êàê çíàêîïåðåìåííîå âîçìóùåíèå. Ñëåäóåò òàêæå îòìåòèòü, ÷òî óòâåðæäåíèÿ

òåîðåì 1.4�1.7 ñîãëàñóþòñÿ ñ ðåçóëüòàòàìè ðàáîò [22�25] (ñì. òàêæå [26]). Â ýòèõ ðàáîòàõ ðàñ-
ñìàòðèâàëñÿ îïåðàòîð

− d2

dx2 + p(x) + q(x),

ãäå p ∈ L1,loc(R) � ïåðèîäè÷åñêàÿ ôóíêöèÿ, à q óäîâëåòâîðÿåò óñëîâèþ
∫

R

(1 + |x|)|q(x)|dx < ∞.

Áûëî ïîêàçàíî, ÷òî â ëàêóíàõ ñóùåñòâåííîãî ñïåêòðà ñîäåðæèòñÿ êîíå÷íî ÷èñëî ñîáñòâåííûõ
çíà÷åíèé, â äàëåêèõ ïî íîìåðó ëàêóíàõ � íå áîëåå äâóõ ñîáñòâåííûõ çíà÷åíèé, ïðè÷åì â ñëó÷àå

∫

R

q(x) dx 6= 0

â äàëåêèõ ëàêóíàõ ñîäåðæèòñÿ ðîâíî îäíî ñîáñòâåííîå çíà÷åíèå. Ïîä÷åðêíåì, ÷òî óòâåðæäåíèå
òåîðåì 1.5, 1.6, 1.7 î ñóùåñòâîâàíèè è êîëè÷åñòâå ñîáñòâåííûõ çíà÷åíèé â çàäàííîé ëàêóíå íå
ñëåäóåò èç ðåçóëüòàòîâ öèòèðîâàííûõ ðàáîò, òàê êàê ìû íå ïðåäïîëàãàåì, ÷òî íîìåð ðàññìàòðè-
âàåìîé ëàêóíû îáÿçàòåëüíî áîëüøîé.

§ 2. Ñóùåñòâåííûé ñïåêòð

Â äàííîì ïàðàãðàôå äîêàçûâàåòñÿ òåîðåìà 1.1. Îïåðàòîð

H̃ε := − d2

dx2
+ a

(x

ε

)

â L2(R) ñ îáëàñòüþ îïðåäåëåíèÿ W 2
2 (R) ÿâëÿåòñÿ ñàìîñîïðÿæåííûì. Íåòðóäíî ïðîâåðèòü, ÷òî

îïåðàòîð óìíîæåíèÿ íà ôóíêöèþ V (x) ÿâëÿåòñÿ H̃ε-êîìïàêòíûì. Îòñþäà â ñèëó òåîðåìû 5.35
èç [27, ãë. IV, § 5.6] ñëåäóåò ðàâåíñòâî

σess(Hε) = σess(H̃ε).
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Òàêèì îáðàçîì, äëÿ äîêàçàòåëüñòâà òåîðåìû 1.1 äîñòàòî÷íî èçó÷èòü ñòðóêòóðó ñóùåñòâåí-
íîãî ñïåêòðà îïåðàòîðà H̃ε. Â ñèëó ïåðèîäè÷íîñòè ïîòåíöèàëà a

(x

ε

)
è ñîãëàñíî [28, ãë. 2, § 2.8]

ñóùåñòâåííûé ñïåêòð îïåðàòîðà H̃ε èìååò âèä

σess(H̃ε) =
∞⋃

n=0

[
µ+

n , µ−n+1

]
, (2.1)

ãäå âåëè÷èíû µ+
0 è µ±n ÿâëÿþòñÿ ñîáñòâåííûìè çíà÷åíèÿìè êðàåâûõ çàäà÷

(
− d2

dx2
+ a

(
x

ε

))
ζ = µζ, x ∈ [0, ε],

ζ(0)− ζ(ε) = 0,
dζ

dx
(0)− dζ

dx
(ε) = 0, åñëè n ÷åòíî,

ζ(0) + ζ(ε) = 0,
dζ

dx
(0) +

dζ

dx
(ε) = 0, åñëè n íå÷åòíî.

Ðåøåíèÿ ýòèõ çàäà÷ èùóòñÿ â ïðîñòðàíñòâå C2[0, ε]. Âûïîëíèâ çàìåíó ïåðåìåííîé ξ = x/ε,
ïîëó÷àåì, ÷òî âåëè÷èíû M±

n := ε2µ±n ÿâëÿþòñÿ ñîáñòâåííûìè çíà÷åíèÿìè êðàåâûõ çàäà÷ äëÿ
óðàâíåíèÿ

(
− d2

dξ2
+ ε2a(ξ)

)
ζ = Mζ, ξ ∈ [0, 1], (2.2)

ñ êðàåâûìè óñëîâèÿìè

ζ(0)− ζ(1) = 0,
dζ

dξ
(0)− dζ

dξ
(1) = 0, (2.3)

åñëè n ÷åòíî, è

ζ(0) + ζ(1) = 0,
dζ

dξ
(0) +

dζ

dξ
(1) = 0, (2.4)

åñëè n íå÷åòíî. Çäåñü ζ = ζ(ξ).

Ëåììà 2.1. Ñîáñòâåííûå çíà÷åíèÿ çàäà÷ (2.2), (2.3) è (2.2), (2.4) ãîëîìîðôíû ïî ε2. Ñîîò-
âåòñòâóþùèå îðòîíîðìèðîâàííûå â L2(0, 1) ñîáñòâåííûå ôóíêöèè ìîæíî âûáðàòü ãîëîìîðô-
íûìè ïî ε2 â íîðìå C2[0, 1].

Äîêàçàòåëüñòâî. Îáîçíà÷èì ÷åðåç W+ (ñîîòâåòñòâåííî, W−) ïîäìíîæåñòâî ôóíêöèé èç
W 2

2 (0, 1), óäîâëåòâîðÿþùèõ êðàåâûì óñëîâèÿì (2.3) (ñîîòâåòñòâåííî, (2.4)). Èñïîëüçóÿ îöåíêó

|u(0)|+ |u(1)|+ |u′(0)|+ |u′(1)| 6 C‖u‖W 2
2 (0,1)

íåñëîæíî ïðîâåðèòü, ÷òî ìíîæåñòâà W± ÿâëÿþòñÿ ãèëüáåðòîâûìè ïðîñòðàíñòâàìè. Îïåðàòîð

− d2

dξ2 + δa(ξ)

â L2(0, 1) ñ îáëàñòüþ îïðåäåëåíèÿ W+ (ñîîòâåòñòâåííî, W−) îáîçíà÷èì ÷åðåç A+(δ) (ñîîòâåò-
ñòâåííî, A−(δ)). Áóäåì ñ÷èòàòü, ÷òî êîìïëåêñíîçíà÷íûé ïàðàìåòð δ ïðèíàäëåæèò ìàëîé ñèì-
ìåòðè÷íîé îòíîñèòåëüíî âåùåñòâåííîé îñè îêðåñòíîñòè èíòåðâàëà (−δ0, δ0), ãäå δ0 � äîñòàòî÷-
íî ìàëîå ôèêñèðîâàííîå ÷èñëî. Íåïîñðåäñòâåííî ïî îïðåäåëåíèþ ïðîâåðÿåòñÿ, ÷òî îïåðàòîðû
A±(δ) ÿâëÿþòñÿ ñàìîñîïðÿæåííûìè ãîëîìîðôíûìè ñåìåéñòâàìè òèïà (A) (ñì. îïðåäåëåíèå â
[27, ãë. VII, § 2.1, 3.1]). Ëåãêî óáåäèòüñÿ ÷òî ðåçîëüâåíòû îïåðàòîðîâ A±(0) êîìïàêòíû, îòêóäà
â ñèëó òåîðåìû 2.4 èç [27, ãë. VII, § 2.1] ñëåäóåò, ÷òî îïåðàòîðû A±(δ) òàêæå èìåþò êîìïàêòíóþ
ðåçîëüâåíòó. Îïèñàííûå ñâîéñòâà îïåðàòîðîâ A±(δ) ïîçâîëÿþò ïðèìåíèòü ê íèì òåîðåìó 3.9 èç
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[27, ãë. VII, § 3.5], èç êîòîðîé óæå âûòåêàåò ãîëîìîðôíîñòü ïî δ ∈ (−δ0, δ0) ñîáñòâåííûõ çíà÷åíèé
îïåðàòîðîâ A±(δ), à òàêæå ñóùåñòâîâàíèå ñîîòâåòñòâóþùèõ îðòîíîðìèðîâàííûõ â L2(0, 1) ñîá-
ñòâåííûõ ôóíêöèé, ãîëîìîðôíûõ ïî δ ∈ (−δ0, δ0) â íîðìå òîãî æå ïðîñòðàíñòâà. Ðàññìàòðèâàÿ
ýòè ñîáñòâåííûå ôóíêöèè êàê ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ

(
− d2

dξ2
+ 1

)
ζ = ζ − δaζ + Mζ (2.5)

ñ êðàåâûìè óñëîâèÿìè (2.3) èëè (2.4), âûâîäèì, ÷òî ñîáñòâåííûå ôóíêöèè îïåðàòîðîâ A±(δ) ãî-
ëîìîðôíû â íîðìå W 2

2 (0, 1). Â ñèëó âêëþ÷åíèÿ C1[0, 1] ⊂ W 2
2 (0, 1) îòñþäà ñëåäóåò ãîëîìîðôíîñòü

ñîáñòâåííûõ ôóíêöèé â íîðìå C1[0, 1]. Âíîâü ðàññìàòðèâàÿ ñîáñòâåííûå ôóíêöèè êàê ðåøåíèÿ
êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ (2.5), çàêëþ÷àåì, ÷òî îíè ïðèíàäëåæàò C2[0, 1] è ãîëîìîðôíû ïî
δ â íîðìå ýòîãî ïðîñòðàíñòâà. ¤

Ñîãëàñíî äîêàçàííîé ëåììå ñîáñòâåííûå çíà÷åíèÿ M±
n (ε2) èìåþò âèä

M±
n = M±

n (ε2) =
∞∑

i=0

ε2iµ±n,i−1, (2.6)

ãäå µ±n,i−1 � íåêîòîðûå ÷èñëà. ×èñëà µ±n,−1 ÿâëÿþòñÿ ñîáñòâåííûìè çíà÷åíèÿìè çàäà÷ (2.2), (2.3)
è (2.2), (2.4) ñ ε = 0. Íåòðóäíî ïðîâåðèòü, ÷òî

µ+
0,−1 = 0, µ±n,−1 = π2n2, n > 1.

Îïðåäåëèì îñòàëüíûå êîýôôèöèåíòû ðÿäîâ (2.6). Âíà÷àëå ðàññìîòðèì ñëó÷àé n = 0. Ñîáñòâåí-
íîå çíà÷åíèå µ+

0,−1 çàäà÷è (2.2), (2.3) ïðîñòîå, à ñîîòâåòñòâóþùàÿ ñîáñòâåííàÿ ôóíêöèÿ èìååò
âèä ζ+

0,0(ξ) ≡ 1. Â ñèëó ëåììû 2.1 ñîáñòâåííîå çíà÷åíèå M+
0 (ε2) òàêæå ÿâëÿåòñÿ ïðîñòûì. Âñþäó

äàëåå (·, ·)X îáîçíà÷àåò ñêàëÿðíîå ïðîèçâåäåíèå â ãèëüáåðòîâîì ïðîñòðàíñòâå X.

Ëåììà 2.2. Ñîáñòâåííóþ ôóíêöèþ ζ+
0 , ñîîòâåòñòâóþùóþ M+

0 (ε2), ìîæíî âûáðàòü ãî-
ëîìîðôíîé ïî ε2 â íîðìå C2[0, 1]:

ζ+
0 (ξ, ε2) =

∞∑

i=0

ε2iζ+
0,i(ξ), (2.7)

ãäå äëÿ ôóíêöèé ζ+
0,i âûïîëíåíû ðàâåíñòâà

1∫

0

ζ+
0,i(ξ) dξ = 0, i > 1. (2.8)

Äîêàçàòåëüñòâî. Â ñèëó ëåììû 2.1 ñîáñòâåííóþ ôóíêöèþ, ñîîòâåòñòâóþùóþ M+
0 , ìîæ-

íî âûáðàòü íîðìèðîâàííîé â L2(R) è ãîëîìîðôíîé ïî ε2 â íîðìå C2[0, 1]. Îáîçíà÷èì òàêóþ
ñîáñòâåííóþ ôóíêöèþ ÷åðåç ζ̃+

0 = ζ̃+
0 (ξ, ε2). Áåç îãðàíè÷åíèÿ îáùíîñòè áóäåì ñ÷èòàòü, ÷òî âû-

ïîëíåíî ðàâåíñòâî ζ̃+
0 (ξ, 0) ≡ ζ+

0,0(ξ). Ó÷èòûâàÿ ñâîéñòâà ζ̃+
0 , íåòðóäíî ïðîâåðèòü, ÷òî ôóíêöèÿ

ζ0(ξ, ε2) :=
(
ζ̃+
0 , ζ+

0,0

)−1

L2(0,1)
ζ̃0(ξ, ε2) óäîâëåòâîðÿåò óòâåðæäåíèþ ëåììû. ¤

Âñþäó äàëåå ñ÷èòàåì, ÷òî ôóíêöèÿ ζ+
0 âûáðàíà ñîãëàñíî ëåììå 2.2. Ïîäñòàâèì ðÿäû (2.6) è

(2.7) â êðàåâóþ çàäà÷ó (2.2), (2.3) è ñîáåðåì êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ ε. Ñ ó÷åòîì
ãîëîìîðôíîñòè ôóíêöèé M+

0 è ζ+
0 ïî ε2 òàêàÿ ïîäñòàíîâêà íå ÿâëÿåòñÿ ôîðìàëüíîé îïåðàöèåé,

à ïîòîìó ïîëó÷àåì, ÷òî çàäà÷à (2.2), (2.3) äëÿ M+
0 è ζ+

0 ýêâèâàëåíòíà ñëåäóþùåé ðåêóððåíòíîé
ñèñòåìå êðàåâûõ çàäà÷:
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− d2

dξ2
ζ+
0,i = −aζ+

0,i−1 +
i∑

j=1

µ+
0,j−1ζ

+
0,i−j , ξ ∈ [0, 1],

ζ+
0,i(0)− ζ+

0,i(1) = 0, i > 1,

dζ+
0,i

dξ
(0)− dζ+

0,i

dξ
(1) = 0, i > 1.

(2.9)

Äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ ðÿäîâ (2.6), (2.7) äëÿ n = 0 äîñòàòî÷íî íàéòè ðåøåíèÿ ýòèõ
çàäà÷, óäîâëåòâîðÿþùèå óñëîâèÿì (2.8).

Íåïîñðåäñòâåííûìè âû÷èñëåíèÿìè ïðîâåðÿåòñÿ ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 2.3. Ïóñòü f ∈ C[0, 1]. Êðàåâàÿ çàäà÷à

−d2u

dξ2
= f, ξ ∈ [0, 1],

u(0)− u(1) = 0,
du

dξ
(0)− du

dξ
(1) = 0

èìååò åäèíñòâåííîå ðåøåíèå u ∈ C2[0, 1], óäîâëåòâîðÿþùåå ðàâåíñòâó
1∫

0

u(ξ) dξ = 0,

òîãäà è òîëüêî òîãäà, êîãäà
1∫

0

f(ξ) dξ = 0.

Ðåøåíèå u äàåòñÿ ôîðìóëîé

u(ξ) = L0[f ](ξ) := −
ξ∫

0

(ξ − η)f(η) dη +
1
2

1∫

0

(η2 − η − 2ξη)f(η) dη.

Ïîñëåäîâàòåëüíî ðåøàÿ êðàåâûå çàäà÷è (2.9) ñ ïîìîùüþ ëåììû 2.3 è ó÷èòûâàÿ (1.1), (2.8),
ïîëó÷àåì

µ+
0,0 = 0, µ+

0,i =

1∫

0

aζ+
0,i dξ, i > 1,

ζ+
0,1 = −L0[a], ζ+

0,i = L0


−aζ+

0,i−1 +
i∑

j=2

µ+
0,j−1ζ

+
0,i−j


 , i > 2.

(2.10)

ãäå êîýôôèöèåíòû µ+
0,i îïðåäåëÿþòñÿ èç óñëîâèé ðàçðåøèìîñòè êðàåâûõ çàäà÷ (2.9). Âû÷èñëèì

µ+
0,1:

µ+
0,1 =

1∫

0

aζ+
0,1 dξ =

1∫

0

ζ+
0,1

d2

dξ2
ζ+
0,1 dξ = −

1∫

0

(
d

dξ
ζ+
0,1

)2

dξ,

îòêóäà ñ ó÷åòîì îïðåäåëåíèÿ îïåðàòîðà L0 ñëåäóåò ôîðìóëà (1.4). Óòâåðæäåíèå òåîðåìû 1.1 î
µ+

0 äîêàçàíî.
Âû÷èñëèì êîýôôèöèåíòû µ±n,i äëÿ n > 0. Ñîáñòâåííûå ôóíêöèè ζ±n,0, ñîîòâåòñòâóþùèå µ±n,−1,

îáîçíà÷èì ÷åðåç ζ±n,0 è âûáåðåì îðòîãîíàëüíûìè â L2(0, 1) â âèäå
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ζ+
n,0(ξ) =

√
2 cos(πnξ + α),

ζ−n,0(ξ) =
√

2 sin(πnξ + α),
(2.11)

ãäå α ∈ (−π/2, π/2] � íåêîòîðîå ÷èñëî, çàâèñÿùåå îò n. Òàê êàê ôóíêöèè M±
n (ε2) ãîëîìîðôíû

ïî ε2, áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî

M−
n (ε2) 6 M+

n (ε2). (2.12)

Ëåììà 2.4. Ñîáñòâåííûå ôóíêöèè ζ±n , ñîîòâåòñòâóþùèå M±
n , è ÷èñëî α â (2.11) ìîæíî

âûáðàòü òàê, ÷òî ôóíêöèè ζ±n áóäóò îðòîãîíàëüíû â L2(0, 1) è ãîëîìîðôíû ïî ε2 â íîðìå
C2[0, 1] :

ζ±n (ξ, ε2) =
∞∑

i=0

ε2iζ±n,i(ξ), (2.13)

ãäå äëÿ ôóíêöèé ζ±n,i âûïîëíåíû ðàâåíñòâà
(
ζ±n,i, ζ

±
n,0

)
L2(0,1)

= 0, i > 1. (2.14)

Äîêàçàòåëüñòâî. Ïîëüçóÿñü ëåììîé 2.1, ñîáñòâåííûå ôóíêöèè ζ̃±n = ζ̃±n (ξ, ε2), ñîîòâåò-
ñòâóþùèå M±

n , âûáåðåì îðòîíîðìèðîâàííûìè â L2(0, 1) è ãîëîìîðôíûìè ïî ε2 â C2[0, 1]. Òàê
êàê ζ̃±n (ξ, 0) � ñîáñòâåííûå ôóíêöèè çàäà÷è (2.2), (2.3) èëè (2.2), (2.4), ñîîòâåòñòâóþùèå µ±n,−1 è
îðòîíîðìèðîâàííûå â L2(0, 1), ìîæíî âûáðàòü ÷èñëî α â (2.11) òàêèì îáðàçîì, ÷òîáû âûïîëíÿ-
ëèñü ðàâåíñòâà

ζ̃±n (ξ, 0) ≡ ζ±n,0(ξ).
Òåïåðü óæå íåòðóäíî ïðîâåðèòü, ÷òî ôóíêöèè

ζ±n (ξ, ε2) :=
(
ζ±n , ζ±n,0

)−1

L2(0,1)
ζ̃±n (ξ, ε2)

óäîâëåòâîðÿþò óòâåðæäåíèþ ëåììû. ¤
Âñþäó äàëåå ñ÷èòàåì, ÷òî ôóíêöèè ζ±n âûáðàíû ñîãëàñíî ëåììå 2.4. Êàê è â ñëó÷àå n = 0,

äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ ðÿäîâ (2.6), (2.13) íåîáõîäèìî ïîñòàâèòü ýòè ðÿäû â îäíó èç
êðàåâûõ çàäà÷ (2.2), (2.3) è (2.2), (2.4) (â çàâèñèìîñòè îò ÷åòíîñòè n) è ñîáðàòü êîýôôèöèåíòû
ïðè îäèíàêîâûõ ñòåïåíÿõ ε, ÷òî ïðèâîäèò ê ñëåäóþùèì êðàåâûì çàäà÷àì:

−
(

d2

dξ2
+ π2n2

)
ζ±n,i = −a(ξ)ζ±n,i−1 +

i∑

j=1

µ±n,j−1ζ
±
n,i−j , ξ ∈ [0, 1],

ζ±n,i(0) + (−1)n+1ζ±n,i(1) = 0,
dζ±n,i

dξ
(0) + (−1)n+1

dζ±n,i

dξ
(1) = 0, i > 1.

(2.15)

Äàëåå íàì ïîíàäîáÿòñÿ ñëåäóþùèå âñïîìîãàòåëüíûå óòâåðæäåíèÿ.

Ëåììà 2.5. Ïóñòü f ∈ C[0, 1]. Êðàåâàÿ çàäà÷à

−
(

d2

dξ2
+ π2n2

)
u = f, ξ ∈ [0, 1],

u(0) + (−1)n+1u(1) = 0, (2.16)
du

dξ
(0) + (−1)n+1 du

dξ
(1) = 0

èìååò åäèíñòâåííîå ðåøåíèå u ∈ C2[0, 1], îðòîãîíàëüíîå ôóíêöèÿì ζ±n,0 â L2(0, 1) òîãäà è
òîëüêî òîãäà, êîãäà (

f, ζ±n,0

)
L2(0,1)

= 0.

Ðåøåíèå u äàåòñÿ ôîðìóëîé
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u(ξ) = Ln[f ](ξ) := − 1
πn

ξ∫

0

sin πn(ξ − η)f(η) dη − 1
πn

1∫

0

η sin πn(ξ − η)f(η) dη.

Óòâåðæäåíèå ëåììû ïðîâåðÿåòñÿ íåïîñðåäñòâåííûìè âû÷èñëåíèÿìè.

Ëåììà 2.6. Ïóñòü p, s � íåêîòîðûå íàòóðàëüíûå ÷èñëà, Ai, Bi,j � ïðîèçâîëüíûå ÷èñëîâûå
ïîñëåäîâàòåëüíîñòè. Òîãäà

p−s∑

i=s

i−s∑

j=0

AjBp−i,i−j =
p−s∑

i=s

i−s∑

j=0

AjBi−j,p−i.

Äîêàçàòåëüñòâî. Óòâåðæäåíèå ëåììû ñëåäóåò èç öåïî÷êè ðàâåíñòâ
p−s∑

i=s

i−s∑

j=0

AjBp−i,i−j =
p−2s∑

j=0

p−s∑

i=j+s

AjBp−i,i−j =
p−2s∑

j=0

p−s∑

ei=j+s

AjBei−j,p−ei =
p−s∑

ei=s

ei−s∑

j=0

AjBei−j,p−ei,

ãäå áûëà ñäåëàíà çàìåíà èíäåêñà ñóììèðîâàíèÿ ĩ = p− i + j. ¤

Îáîçíà÷èì
Φ+

n,0(ξ) :=
√

2 cos(πn ξ), Φ−n,0(ξ) :=
√

2 sin(πn ξ),

M±,+
n,0 := M±,−

n,0 := 0, Φ±n,i := Ln

[
−aΦ±n,i−1 +

i∑

j=1

M±,±
n,j Φ±n,i−j

]
,

M±,+
n,i :=

(
aΦ±n,i−1, Φ

+
n,0

)
L2(0,1)

, M±,−
n,i :=

(
aΦ±n,i−1,Φ

−
n,0

)
L2(0,1)

.

Ëåììà 2.7. Èìååò ìåñòî îäíà èç äâóõ ñèòóàöèé:
(1) Ñóùåñòâóåò ÷èñëî N > 1 òàêîå, ÷òî ðàâåíñòâà

M+,−
n,i = M−,+

n,i = M+,+
n,i −M−,−

n,i = 0 (2.17)

âûïîëíåíû äëÿ i 6 N − 1 è ïî êðàéíåé ìåðå îäíî èç òðåõ ÷èñåë

M+,−
n,N , M−,+

n,N ,
(
M+,+

n,N −M−,−
n,N

)

íå ðàâíî íóëþ. Â ýòîì ñëó÷àå ôóíêöèè Φ±n,i, 1 6 i 6 N , óäîâëåòâîðÿþò êðàåâûì óñëîâèÿì
èç (2.16), îðòîãîíàëüíû Φ+

n,0 è Φ−n,0 â L2(0, 1) è âåðíî ðàâåíñòâî M+,−
n,N = M−,+

n,N .
(2) Ðàâåíñòâà (2.17) âûïîëíåíû äëÿ âñåõ i > 1. Â ýòîì ñëó÷àå µ−n (ε2) ≡ µ+

n (ε2) è ëàêóíà(
µ−n (ε2), µ+

n (ε2)
)
â ñóùåñòâåííîì ñïåêòðå îïåðàòîðà Hε îòñóòñòâóåò.

Äîêàçàòåëüñòâî. ßñíî, ÷òî óñëîâèå îäíîãî èç ñëó÷àåâ (1) è (2) âñåãäà èìååò ìåñòî è ýòè
ñëó÷àè èñêëþ÷àþò äðóã äðóãà. Ïóñòü âûïîëíåíî óñëîâèå ñëó÷àÿ (1). Ïðåäïîëîæèì, ÷òî ðàâåí-
ñòâà (2.17) âåðíû äëÿ i 6 m, à ôóíêöèè Φ±n,i, 1 6 i 6 m, îðòîãîíàëüíû Φ+

n,0 è Φ−n,0 â L2(0, 1). Â
òàêîì ñëó÷àå ôóíêöèè

f± := −aΦ±n,m +
m+1∑

j=1

M±,±
n,j Φ±m−j+1

óäîâëåòâîðÿþò óñëîâèþ ëåììû 2.5, à Φ±n,m+1 � ñîîòâåòñòâóþùèå èì ðåøåíèÿ êðàåâîé çàäà÷è
(2.16). Îòñþäà âûòåêàåò, ÷òî ôóíêöèè Φ±n,m+1 óäîâëåòâîðÿþò êðàåâûì óñëîâèÿì èç (2.16) è îðòî-
ãîíàëüíû Φ+

n,0 è Φ−n,0 â L2(0, 1). Ñëåäîâàòåëüíî, âñå ôóíêöèè Φ±n,i, 1 6 i 6 N − 1, óäîâëåòâîðÿþò
êðàåâûì óñëîâèÿì èç (2.16) è îðòîãîíàëüíû Φ+

n,0 è Φ−n,0 â L2(0, 1).
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Äîêàæåì ðàâåíñòâî M+,−
n,N = M−,+

n,N . Îíî î÷åâèäíî, åñëè N = 1. Ïóñòü N > 2. Ó÷èòûâàÿ
îïðåäåëåíèå è äîêàçàííûå ñâîéñòâà ôóíêöèé Φ±n,i è èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷àåì (1 6 i 6
N − 1, 0 6 j 6 N − 2)

1∫

0

aΦ+
n,iΦ

−
n,j dξ =

1∫

0

Φ+
n,i

(
d2

dξ2
+ π2n2

)
Φ−n,j+1 dξ +

j+1∑
q=1

M−,−
n,q

1∫

0

Φ+
n,iΦ

−
n,j−q+1 dξ

=

1∫

0

aΦ+
n,i−1Φ

−
n,j+1 dξ −

i−1∑
q=1

M+,+
n,q

1∫

0

Φ+
n,i−qΦ

−
n,j+1 dξ +

j∑
q=1

M−,−
n,q

1∫

0

Φ+
n,iΦ

−
n,j−q+1 dξ,

îòêóäà â ñèëó (2.17) âûòåêàåò
1∫

0

aΦ+
n,N−1Φ

−
n,0 dξ =

N−2∑

j=1

j∑
q=1

M+,+
n,q

1∫

0

Φ+
n,N−j−1Φ

−
n,j−q+1 dξ−

−
N−1∑

i=2

i−1∑
q=1

M+,+
n,q

1∫

0

Φ+
n,i−qΦ

−
n,N−i dξ +

1∫

0

aΦ+
n,0Φ

−
n,N−1 dξ.

Çàìåíÿÿ èíäåêñ ñóììèðîâàíèÿ j 7→ j +1 â ïåðâîì ñëàãàåìîì â ïðàâîé ÷àñòè ïîëó÷åííîãî ðàâåí-
ñòâà è ïðèìåíÿÿ êî âòîðîìó ñëàãàåìîìó ëåììó 2.6 ñ p = N , s = 1, Aj = M+,+

n,j , j > 0,

Bi,j =

1∫

0

Φ+
n,iΦ

−
n,j dξ,

ïðèõîäèì ê ðàâåíñòâó
M+,−

n,N = M−,+
n,N .

Ïóñòü èìååò ìåñòî ñëó÷àé (2) è ðàâåíñòâà (2.17) âûïîëíåíû äëÿ âñåõ i > 1. Òîãäà èç îïðå-
äåëåíèÿ Φ±n,i ñëåäóåò, ÷òî ôóíêöèè

ζ+
n,i = Φ+

n,i cos α− Φ−n,i sinα,

ζ−n,i = Φ−n,i sin α + Φ+
n,i cos α

ÿâëÿþòñÿ ðåøåíèÿìè êðàåâûõ çàäà÷ (2.15) ñ µ±n,i = M±,±
n,i+1. Èç (2.17) âûâîäèì ðàâåíñòâà µ−n,i =

µ+
n,i, îòêóäà óæå ñëåäóåò, ÷òî µ−n (ε2) ≡ µ+

n (ε2). ¤

Âñþäó äî êîíöà ïàðàãðàôà ñ÷èòàåì, ÷òî èìååò ìåñòî ñëó÷àé (1) ëåììû 2.7. Èñïîëüçóÿ ëåì-
ìû 2.5, 2.7 è îïðåäåëåíèå ôóíêöèé Φ±n,i è ÷èñåë M±

n,i, ïðÿìûìè âû÷èñëåíèÿìè íåòðóäíî ïðîâå-
ðèòü, ÷òî îáùèå ðåøåíèÿ êðàåâûõ çàäà÷ (2.15) äëÿ i 6 N −1, óäîâëåòâîðÿþùèå óñëîâèÿì (2.14),
è ÷èñëà µ±n,i ñ i 6 N − 2 èìåþò âèä

ζ±n,i = ζ̃±n,i +
i∑

j=1

c±n,jζ
∓
n,i−j , i 6 N − 1, (2.18)

ãäå ζ̃+
n,i = Φ+

n,i cosα−Φ−n,i sinα, ζ̃−n,i = Φ+
n,i sin α+Φ−n,i cos α, 0 6 i 6 N −1, c±n,i � íåêîòîðûå ÷èñëà,

µ+
n,i = M+,+

n,i+1 = M−,−
n,i+1 = µ−n,i, 0 6 i 6 N − 2. (2.19)

Îòñþäà â ñèëó ëåììû 2.5, ëåììû 2.7(1) è îïðåäåëåíèÿ ÷èñåë M±,±
n,i âûâîäèì, ÷òî óñëîâèÿ ðàç-

ðåøèìîñòè êðàåâîé çàäà÷è (2.15) äëÿ ζ±n,N âûãëÿäÿò ñëåäóþùèì îáðàçîì:

µ±n,N−1 =
(
aζ̃±n,N−1, ζ

±
n,0

)
L2(0,1)

,
(
aζ̃+

n,N−1, ζ
−
n,0

)
L2(0,1)

=
(
aζ̃−n,N−1, ζ

+
n,0

)
L2(0,1)

= 0,
(2.20)
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îòêóäà

µ±n,N−1 =
M+,+

n,N + M−,−
n,N ±

((
M+,+

n,N −M−,−
n,N

)
cos 2α− 2M+,−

n,N sin 2α
)

2
,

(
M+,+

n,N −M−,−
n,N

)
sin 2α + 2M+,−

n,N cos 2α = 0.

(2.21)

Ïî óñëîâèþ ëåììû 2.7(1) îäíî èç ÷èñåë
(
M+,+

n,N −M−,−
n,N

)
, M+,−

n,N îòëè÷íî îò íóëÿ, à ïîòîìó ðàâåí-
ñòâî (2.21), ðàññìàòðèâàåìîå êàê óðàâíåíèå íà α, èìååò ðîâíî äâà êîðíÿ â èíòåðâàëå (−π/2, π/2],
îòëè÷àþùèåñÿ íà π. Èñïîëüçóÿ (2.21), ïðîâåðÿåì, ÷òî äëÿ êàæäîãî èç êîðíåé ýòîãî óðàâíåíèÿ
ñïðàâåäëèâî ðàâåíñòâî

((
M+,+

n,N −M−,−
n,N

)
cos 2α− 2M+,−

n,N sin 2α
)2

=
(
M+,+

n,N −M−,−
n,N

)2

+ 4
(
M+,−

n,N

)2

.

Ó÷èòûâàÿ äàííîå ðàâåíñòâî, íåòðóäíî óáåäèòüñÿ, ÷òî äëÿ îäíîãî èç êîðíåé óðàâíåíèÿ (2.21)
áóäåò âûïîëíåíî

(
M+,+

n,N −M−,−
n,N

)
cos 2α− 2M+,−

n,N sin 2α =

√(
M+,+

n,N −M−,−
n,N

)2

+ 4
(
M+,−

n,N

)2

> 0.

Çíà÷åíèå α ∈ (−π/2, π/2] âûáåðåì òàê, ÷òîáû áûëî âåðíî ïîñëåäíåå íåðàâåíñòâî. Ïîäîáíûé
âûáîð îáúÿñíÿåòñÿ òåì, ÷òî â ýòîì ñëó÷àåì âûïîëíåíî íåðàâåíñòâî µ−n,N−1 < µ+

n,N−1, ÷òî ñ
ó÷åòîì (2.19) ñîîòâåòñòâóåò óïîðÿäî÷èâàíèþ (2.12):

µ±n,N−1 =
M+,+

n,N + M−,−
n,N ±

√(
M+,+

n,N −M−,−
n,N

)2

+ 4
(
M+,−

n,N

)2

2
. (2.22)

Ó÷èòûâàÿ (2.18) è êðàåâûå çàäà÷è äëÿ ζ±n,N , âûâîäèì, ÷òî ôóíêöèè ζ±n,N èìåþò âèä

ζ±n,N = ζ̃±n,N +
N∑

j=1

c±n,j ζ̃
∓
n,N−j ,

ζ̃±n,N = Ln

[
−aζ̃±n,N−1 +

N∑

j=1

µ±n,j−1ζ̃
±
n,N−j

]
.

(2.23)

Ëåììà 2.8. Ôóíêöèè ζ±n,i ïðè i > N è ÷èñëà µ±n,i ïðè i > N − 1 îïðåäåëÿþòñÿ ðàâåíñòâàìè

ζ±n,i = ζ̃±n,i +
i∑

j=i−N+1

c±n,j ζ̃
∓
n,i−j ,

µ±n,i =
(
aζ̃±n,i, ζ

±
n,0

)
L2(0,1)

,

(2.24)

ãäå

ζ̃±n,i = Ln

[
− a

(
ζ̃±n,i−1 + c±n,i−N ζ̃∓n,N−1

)
+

i∑

j=N+1

µ±n,j−1ζ
±
n,i−j

+
N∑

j=1

µ±n,j−1

(
ζ̃±n,i−j +

i−N∑

p=max{i−j−N+1,1}
c±n,pζ̃

∓
n,i−j−p

)]
,

c±n,i−N =
1

µ±n,N−1 − µ∓n,N−1

((
aζ̃±n,i−1, ζ

∓
n,0

)
L2(0,1)

−
i−1∑

j=N+1

µ±n,j−1c
±
n,i−j

)
.
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Ôóíêöèè ζ̃±n,i îðòîãîíàëüíû ζ+
n,0 è ζ−n,0 â L2(0, 1).

Äîêàçàòåëüñòâî. Ïðèìåíèì èíäóêöèþ. Óòâåðæäåíèå ëåììû äëÿ ζ±n,N , µ±n,N−1 è c±n,0 ñëå-
äóåò èç ôîðìóë (2.20), (2.23), åñëè ïîëîæèòü c±n,0 = 0. Ïóñòü óòâåðæäåíèå ëåììû âåðíî äëÿ ζ±n,i

è c±n,i−N ïðè i 6 m è äëÿ µ±n,i ïðè i 6 m − 1. Îáîçíà÷èì ïðàâûå ÷àñòè óðàâíåíèé â (2.15) äëÿ
i = m + 1 ÷åðåç f±m+1. Â ñèëó èíäóêöèîííîãî ïðåäïîëîæåíèÿ ýòè ôóíêöèè èìåþò âèä

f±m+1 =− a

(
ζ̃±n,m −

m∑

j=m−N+1

c±n,j ζ̃
∓
n,m−j

)
+

m+1∑

j=N+1

µ±n,j−1ζ
±
n,m−j+1

+
N∑

j=1

µ±n,j−1

(
ζ̃±n,m−j+1 +

m−N∑

p=max{m−j−N+2,1}
c±n,pζ̃

∓
n,m−j−p+1

)

+
m∑

j=m−N+1

c±n,j

m−j+1∑
p=1

µ±n,p−1ζ̃
∓
n,m−j−p+1.

Âûïèøåì óñëîâèÿ ðàçðåøèìîñòè êðàåâûõ çàäà÷ (2.15), ó÷èòûâàÿ èíäóêöèîííîå ïðåäïîëî-
æåíèå, ëåììó 2.7(1) è ðàâåíñòâà (2.18), (2.20), (2.22) è µ+

n,i = µ−n,i, i 6 N − 2:

µ±n,m − (
aζ̃±n,m, ζ±n,0

)
L2(0,1)

= 0,

c±n,m−N+1

(
µ±n,N−1 − µ∓n,N−1

)
− (

aζ̃±n,m, ζ∓n,0

)
L2(0,1)

+
m∑

j=N+1

µ±n,j−1c
±
n,m−j+1 = 0.

Ïîëó÷åííûå ðàâåíñòâà äîêàçûâàþò óòâåðæäåíèå ëåììû äëÿ µ±n,m è c±n,N−m+1. Óòâåðæäåíèå
ëåììû äëÿ ζ±n,m+1 ñëåäóåò èç âèäà ôóíêöèé f±m+1, îïðåäåëåíèÿ îïåðàòîðà Ln è ôóíêöèé ζ±n,i,
i 6 N − 1. ¤

Äîêàæåì ôîðìóëó (1.5). Âû÷èñëèì M±,±
n,1 :

M+,−
n,1 = M−,+

n,1 = 2

1∫

0

a(ξ) sin πn ξ cos πn ξ dξ = bn,

M+,+
n,1 = 2

1∫

0

a(ξ) cos2 πn ξ dξ = an,

M−,−
n,1 = 2

1∫

0

a(ξ) sin2 πn ξ dξ = −an.

Åñëè õîòÿ áû îäíî èç ÷èñåë an, bn íå ðàâíî íóëþ, òî N = 1. Ôîðìóëà (1.5) â ýòîì ñëó÷àå ñëåäóåò
íåïîñðåäñòâåííî èç (2.22). Åñëè an = bn = 0, òî N > 2 è M+,+

n,1 = M−,−
n,1 = 0, îòêóäà â ñèëó (2.19)

âíîâü ñëåäóåò ôîðìóëà (1.5).

Çàìå÷àíèå 2.1. Îòìåòèì, ÷òî ôîðìóëû (1.5) ñëåäóþò òàêæå èç ðåçóëüòàòîâ [29, ãë. XXI,
§ 11], ãäå èññëåäîâàëñÿ ñïåêòð îïåðàòîðà − d2

dx2 + εq(x) ñ ïåðèîäè÷åñêîé ôóíêöèåé q(x) è áûëè
ïîñòðîåíû ïåðâûå ÷ëåíû àñèìïòîòè÷åñêèõ ðàçëîæåíèé êîíöîâ ñóùåñòâåííîãî ñïåêòðà äàííîãî
îïåðàòîðà. Âìåñòå ñ òåì, â öèòèðîâàííîé êíèãå ïîëíîå ðàçëîæåíèå ïîñòðîåíî íå áûëî, íå áûëî
äàíî è äîêàçàòåëüñòâà ãîëîìîðôíîé çàâèñèìîñòè äàííûõ êîíöîâ îò ìàëîãî ïàðàìåòðà.
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§ 3. Ñóùåñòâîâàíèå è ñõîäèìîñòü äèñêðåòíîãî ñïåêòðà
â ïîëóáåñêîíå÷íîé ëàêóíå

Â íàñòîÿùåì ïàðàãðàôå ìû èññëåäóåì âîïðîñû ñóùåñòâîâàíèÿ, êîëè÷åñòâà è ñõîäèìîñòè ñîá-
ñòâåííûõ çíà÷åíèé îïåðàòîðà Hε, ëåæàùèõ â ïîëóáåñêîíå÷íîé ëàêóíå

(−∞, µ+
0 (ε2)

)
.

×åðåç C îáîçíà÷èì ìíîæåñòâî âñåõ êîíå÷íûõ èíòåðâàëîâ âåùåñòâåííîé îñè. Âíà÷àëå äîêà-
æåì âñïîìîãàòåëüíóþ ëåììó.

Ëåììà 3.1. Ïóñòü L � ïðîèçâîëüíûé êîìïàêò â êîìïëåêñíîé ïëîñêîñòè òàêîé, ÷òî ïðè
âñåõ äîñòàòî÷íî ìàëûõ ε

L ∩ σdisc(H0) = ∅, L ∩ σess(Hε) = ∅. (3.1)

Òîãäà äëÿ äîñòàòî÷íî ìàëûõ ε è λ ∈ L ðåçîëüâåíòà (Hε − λ)−1 îïðåäåëåíà è ÿâëÿåòñÿ îãðàíè-
÷åííûì ëèíåéíûì îïåðàòîðîì èç L2(R) â W 2

2 (R) :

‖(Hε − λ)−1f‖W 2
2 (R) 6 C‖f‖L2(R), (3.2)

ãäå êîíñòàíòà C íå çàâèñèò îò ε, f ∈ L2(R), λ ∈ L. Äëÿ ëþáîé ôóíêöèè f ∈ L2(R) âåðíà
ðàâíîìåðíàÿ ïî λ ∈ L ñõîäèìîñòü

(Hε − λ)−1f → (H0 − λ)−1f, ε → 0, (3.3)

ñëàáàÿ â W 2
2 (R) è ñèëüíàÿ â W 1

2 (Q) äëÿ âñåõ Q ∈ C.

Äîêàçàòåëüñòâî. Âíà÷àëå äîêàæåì, ÷òî äëÿ äîñòàòî÷íî ìàëûõ ε äëÿ ëþáîé ôóíêöèè u ∈
W 2

2 (R) ñïðàâåäëèâî íåðàâåíñòâî

‖u‖W 2
2 (R) 6 C‖f‖L2(R), (3.4)

ãäå f = (Hε − λ)u, à êîíñòàíòà C íå çàâèñèò îò u, ε è λ ∈ L. Äîêàçàòåëüñòâî ïðîâåäåì îò
ïðîòèâíîãî. Äîïóñòèì, ÷òî ñóùåñòâóþò ïîñëåäîâàòåëüíîñòè εp → 0, λp ∈ L, up ∈ W 2

2 (R), òàêèå,
÷òî

‖up‖W 2
2 (R) > p‖fp‖L2(R), fp := (Hεp − λp)up. (3.5)

Áåç îãðàíè÷åíèÿ îáùíîñòè ñ÷èòàåì, ÷òî λp → λ∗ ∈ L è ‖up‖L2(R) = 1. Ó÷èòûâàÿ íîðìèðîâêó
ôóíêöèé up, ïîëó÷àåì

(
fp, up

)
L2(R)

(
(Hεp − λp)up, up

)
L2(R)

=
∥∥∥∥

dup

dx

∥∥∥∥
2

L2(R)

− λp +
((

V (x) + a
(x

ε

))
up, up

)
L2(R)

,

îòêóäà â ñèëó îïðåäåëåíèÿ up ñëåäóåò

‖up‖W 2
2 (R) 6 ‖fp‖L2(R) + C‖up‖W 1

2 (R) 6 C
(‖fp‖L2(R) + 1

)
,

ãäå êîíñòàíòà C íå çàâèñèò îò p. Èç ïîëó÷åííîé îöåíêè è (3.5) âûòåêàåò ðàâíîìåðíîå ïî p
íåðàâåíñòâî

‖up‖W 2
2 (R) 6 C. (3.6)

Ïîäñòàâëÿÿ ïîëó÷åííîå íåðàâåíñòâî â (3.5), âûâîäèì
‖fp‖L2(R) → 0. (3.7)

Â ñèëó (3.6) èç ïîñëåäîâàòåëüíîñòè up ìîæíî âûäåëèòü ïîäïîñëåäîâàòåëüíîñòü (êîòîðóþ âíîâü
îáîçíà÷èì ÷åðåç up), ñëàáî ñõîäÿùóþñÿ â W 2

2 (R) ê íåêîòîðîé ôóíêöèè u∗ ∈ W 2
2 (R). Äëÿ ëþáîãî

èíòåðâàëà Q ∈ C îïåðàòîð âëîæåíèÿ W 2
2 (R) â W 1

2 (Q) êîìïàêòåí. Òàê êàê êîìïàêòíûé îïåðàòîð
ïåðåâîäèò ñëàáî ñõîäÿùóþñÿ ïîñëåäîâàòåëüíîñòü â ñèëüíî ñõîäÿùóþñÿ, ïðè÷åì ñëàáûé ïðåäåë
îòîáðàæàåòñÿ â ñèëüíûé ïðåäåë (ñì., íàïðèìåð, òåîðåìó 1 èç [30, ãë. VI, § 1], ïîñëåäîâàòåëüíîñòü
up ñõîäèòñÿ ê u∗ ñèëüíî â W 1

2 (Q) äëÿ âñåõ Q ∈ C.
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Ôóíêöèè up, î÷åâèäíî, óäîâëåòâîðÿþò ðàâåíñòâó (H̃εp
− λp)up = fp − V up, îòêóäà è èç (2.1),

(3.1) â ñèëó ôîðìóëû (3.16) èç [27, ãë. 5, § 3.5] ïîëó÷àåì

1 = ‖up‖L2(R) = ‖(H̃εp − λp)−1(fp − V up)‖L2(R)

6
(‖fp‖L2(R) + ‖V up‖L2(R)

)

dist(λp, σ(H̃ε))
6

(‖fp‖L2(R) + ‖V up‖L2(R)

)

dist(L, σess(Hε))
. (3.8)

Ïîñëåäíåå íåðàâåíñòâî â ñèëó (3.1), (3.7) ïðèâîäèò ê ðàâíîìåðíîé ïî p îöåíêå

‖V up‖L2(R) > C > 0,

îòêóäà â ñèëó ôèíèòíîñòè V è ñõîäèìîñòè up ê u∗ â íîðìå W 1
2 (suppV ) âûòåêàåò u∗ 6≡ 0.

Äëÿ ëþáîé ïðîáíîé ôóíêöèè ς ∈ C∞0 (R) èç ñîîòíîøåíèÿ
(
(Hεp − λp)up, ς

)
L2(R)

= (fp, ς)L2(R)

ñëåäóåò ðàâåíñòâî

−
(

dup

dx
,
dς

dx

)

L2(R)

− λp(up, ς)L2(R) + (V up, ς)L2(R) +
(

a

(
x

εp

)
up, ς

)

L2(R)

= (fp, ς)L2(R).

Èç ôèíèòíîñòè ς, ñèëüíîé â W 1
2 (supp ς) ñõîäèìîñòè up → u∗, ðàâåíñòâà (1.1) è ëåììû 4.1 èç [4,

ãë. V, § 4] âûâîäèì, ÷òî ïîñëåäíåå ñëàãàåìîå â ëåâîé ÷àñòè ïîëó÷åííîãî ðàâåíñòâà ñòðåìèòüñÿ ê
íóëþ ïðè ε → 0. Ó÷èòûâàÿ äàííûé ôàêò, (3.7) è ñëàáóþ â W 1

2 (R) ñõîäèìîñòü up → u∗, ïåðåéäåì
â ïîñëåäíåì ðàâåíñòâå ê ïðåäåëó ïðè p → +∞. Òîãäà

−
(

du∗
dx

,
dς

dx

)

L2(R)

− λ∗(u∗, ς)L2(R) + (V u∗, ς)L2(R) = 0,

îòêóäà ñëåäóåò, ÷òî u∗ óäîâëåòâîðÿåò óðàâíåíèþ (H0 − λ∗)u∗ = 0. Ââèäó óñòàíîâëåííîãî âûøå
íåðàâåíñòâà u∗ 6≡ 0 äàííîå óðàâíåíèå îçíà÷àåò, ÷òî λ∗ ∈ L � ñîáñòâåííîå çíà÷åíèå îïåðàòîðà
H0, ÷òî ïðîòèâîðå÷èò (3.1). Îöåíêà (3.4) äîêàçàíà.

Èç ðåçóëüòàòîâ [30, ãë. VII, § 7] è îöåíêè (3.4) âûòåêàåò ñóùåñòâîâàíèå è îãðàíè÷åííîñòü
ðåçîëüâåíòû (Hε − λ)−1 : L2(R) → W 2

2 (R), à òàêæå îöåíêà (3.2).
Èñïîëüçóÿ îöåíêó (3.2) âìåñòî (3.6) è ðàññóæäàÿ òàê æå, êàê ïðè âûâîäå îöåíêè (3.2), íåòðóä-

íî ïîêàçàòü, ÷òî äëÿ ëþáûõ ïîñëåäîâàòåëüíîñòåé εp → 0, λp → λ∗, λp ∈ L, ôóíêöèÿ (Hεp−λp)−1f

ñõîäèòñÿ ê (H0 − λ∗)−1f ñëàáî â W 2
2 (R) è ñèëüíî â W 1

2 (Q) äëÿ âñåõ Q ∈ C. Ó÷èòûâàÿ äàííóþ
ñõîäèìîñòü è àíàëèòè÷íîñòü ôóíêöèè (H0 − λ)−1f ïî λ ∈ L â íîðìå W 2

2 (R), îò ïðîòèâíîãî
äîêàçûâàåòñÿ ñõîäèìîñòü (3.3). ¤

Çàìå÷àíèå 3.1. Èäåè, èñïîëüçîâàííûå â äîêàçàòåëüñòâå ëåììû 3.1, çàèìñòâîâàíû èç äîêà-
çàòåëüñòâà òåîðåìû 2.1 â [31].

Ïîëîæèì Bδ(λ0) := {λ ∈ C : |λ− λ0| < δ}.

Ëåììà 3.2. Ïóñòü ÷èñëî δ0 < 0 òàêîâî, ÷òî
σdisc(H0) = {λ(−K)

0 , . . . , λ
(−1)
0 } ⊂ (−∞, δ0].

Òîãäà äëÿ äîñòàòî÷íî ìàëûõ ε ïîëóèíòåðâàë (−∞, δ0] ñîäåðæèò ðîâíî K ñîáñòâåííûõ çíà-
÷åíèé λ

(n)
ε , n = −K, . . . ,−1 îïåðàòîðà Hε, êàæäîå èç êîòîðûõ ÿâëÿåòñÿ ïðîñòûì, è âåðíû

ñõîäèìîñòè
λ(n)

ε → λ
(n)
0 , n = −K, . . . ,−1.

Ñîîòâåòñòâóþùèå îðòîíîðìèðîâàííûå â L2(R) ñîáñòâåííûå ôóíêöèè ìîæíî âûáðàòü òàê,
÷òî áóäóò ñïðàâåäëèâû ñõîäèìîñòè

ψ(n)
ε → ψ

(n)
0 , n = −K, . . . ,−1,
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ñëàáûå â W 2
2 (R) è ñèëüíûå â W 1

2 (Q) äëÿ âñåõ Q ∈ C.

Äîêàçàòåëüñòâî. Ñîãëàñíî [22] äëÿ êàæäîãî çíà÷åíèÿ ε > 0 ÷èñëî ñîáñòâåííûõ çíà÷åíèé
îïåðàòîðà Hε, ëåæàùèõ â ïîëóáåñêîíå÷íîé ëàêóíå (−∞, µ+

0 (ε2)), êîíå÷íî. Äèñêðåòíûé ñïåêòð
îïåðàòîðà Hε ïîëóîãðàíè÷åí ñíèçó:

(−∞, 0) ∩ σdisc(Hε) ⊂ [c, 0], c = min
[0,1]

a(ξ) + min
R

V (x).

Îáîçíà÷èì

L := [c, δ0] \
−1⋃

n=−K

(λ(n)
0 − δ, λ

(n)
0 + δ),

ãäå δ � ïðîèçâîëüíîå ìàëîå ÷èñëî. Òîãäà êîìïàêò L óäîâëåòâîðÿåò óñëîâèþ ëåììû 3.1 è, ñëå-
äîâàòåëüíî, ïðè ìàëûõ ε ðåçîëüâåíòà (Hε − λ)−1 îãðàíè÷åíà ðàâíîìåðíî ïî λ ∈ L, à ïîòîìó
ìíîæåñòâî L íå ñîäåðæèò ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà Hε äëÿ äîñòàòî÷íî ìàëûõ ε. Òàê
êàê δ ïðîèçâîëüíî, îòñþäà âûòåêàåò ñõîäèìîñòü ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà Hε, ëåæàùèõ
â (−∞, δ0], ê ñîáñòâåííûì çíà÷åíèÿì îïåðàòîðà H0.

Ôèêñèðóåì n è âûáåðåì δ òàê, ÷òîáû áûëî âûïîëíåíî ðàâåíñòâî

Bδ(λ
(n)
0 ) ∩ σ(H0) = {λ(n)

0 }.
Òîãäà èç (3.3) ñ f = ψ

(n)
0 ñëåäóåò ñõîäèìîñòü

1
2πi

∫

∂Bδ(λ
(n)
0 )

(Hε − λ)−1ψ
(n)
0 → −ψ

(n)
0 , ε → 0, (3.9)

ñëàáàÿ â W 2
2 (R) è ñèëüíàÿ â W 1

2 (Q) äëÿ âñåõ Q ∈ C.
Ñîãëàñíî [27, ãë. V, § 3.5] â èçîëèðîâàííûõ ñîáñòâåííûõ çíà÷åíèÿõ îïåðàòîðà Hε ðåçîëü-

âåíòà (Hε − λ)−1 : L2(R) → L2(R) èìååò ïðîñòûå ïîëþñà. Ñëåäîâàòåëüíî, ðàññìàòðèâàåìàÿ êàê
îïåðàòîð èç L2(R) â L2(Q), ãäå Q ∈ C, ðåçîëüâåíòà (Hε − λ)−1 òàêæå èìååò ïðîñòûå ïîëþñà.
Ó÷èòûâàÿ, ÷òî ïðàâàÿ ÷àñòü (3.9) íå ðàâíà íóëþ, çàêëþ÷àåì, ÷òî êðóã Bδ(λ

(n)
0 ) ñîäåðæèò ïî

êðàéíåé ìåðå îäíî ñîáñòâåííîå çíà÷åíèå îïåðàòîðà Hε äëÿ äîñòàòî÷íî ìàëûõ ε, à ïîòîìó ê êàæ-
äîìó ñîáñòâåííîìó çíà÷åíèþ îïåðàòîðà H0 ñõîäèòñÿ ïî êðàéíåé ìåðå îäíî ñîáñòâåííîå çíà÷åíèå
îïåðàòîðà Hε.

Ïóñòü λε,j , j = 1, . . . , mn(ε) � ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà Hε, ñõîäÿùèåñÿ ê λ
(n)
0 ïðè

ε → 0. Äîïóñòèì, ÷òî íà íåêîòîðîé ïîñëåäîâàòåëüíîñòè εp → 0 ê ñîáñòâåííîìó çíà÷åíèþ λ
(n)
0

ñõîäèòñÿ ïî êðàéíåé ìåðå äâà ñîáñòâåííûõ çíà÷åíèÿ λε,1 è λε,2. Ñîîòâåòñòâóþùèå îðòîíîðìèðî-
âàííûå â L2(R) ñîáñòâåííûå ôóíêöèè îáîçíà÷èì ÷åðåç ψε,1 è ψε,2. Àíàëîãè÷íî äîêàçàòåëüñòâó
ëåììû 3.1 íåòðóäíî ïîêàçàòü, ÷òî, âûäåëÿÿ ïðè íåîáõîäèìîñòè èç {εp} ïîäïîñëåäîâàòåëüíîñòü,
ìîæíî ñ÷èòàòü ôóíêöèè ψεp,i ñõîäÿùèìèñÿ ê ψ0,i ñëàáî â W 2

2 (R) è ñèëüíî â W 1
2 (Q) äëÿ âñåõ

Q ∈ C, ãäå ψ0,i � ñîáñòâåííûå ôóíêöèè, ñîîòâåòñòâóþùèå λ
(n)
0 , ïðè÷åì ψ0,i 6≡ 0. Òàê êàê λ

(n)
0 �

ïðîñòîå ñîáñòâåííîå çíà÷åíèå, èìååì
ψ0,i = ciψ

(n)
0 .

Î÷åâèäíî, ÷òî ôóíêöèÿ ψ̃εp := c2ψεp,1− c1ψεp,2 ñõîäèòñÿ ê íóëþ ñèëüíî â W 1
2 (Q) äëÿ âñåõ Q ∈ C.

Ñ äðóãîé ñòîðîíû, ôóíêöèÿ ψ̃εp óäîâëåòâîðÿåò óðàâíåíèþ

(H̃εp − λ
(n)
0 )ψ̃εp = c2(λεp,1 − λ

(n)
0 )ψεp,1 − c1(λεp,2 − λ

(n)
0 )ψεp,2 − V ψ̃εp ,

îòêóäà àíàëîãè÷íî (3.8) âûâîäèì

0 < c2
1 + c2

2 6
|c2||λεp,1 − λ

(n)
0 |+ |c1||λεp,2 − λ

(n)
0 |+ ‖V ψ̃εp‖L2(R)

µ+
0 (ε2)− λ

(n)
0

.
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Ïîñëåäíåå íåðàâåíñòâî ïðîòèâîðå÷èò ñõîäèìîñòè ψ̃εp
→ 0 â L2(suppV ). Ñëåäîâàòåëüíî, ê ñîá-

ñòâåííîìó çíà÷åíèþ λ
(n)
0 ñõîäèòñÿ òîëüêî îäíî ñîáñòâåííîå çíà÷åíèå çàäà÷è Hε.

Äîêàæåì ñõîäèìîñòè äëÿ ñîáñòâåííûõ ôóíêöèé. Ñîãëàñíî [27, ãë. V, § 3.5] èç ñõîäèìîñòè
λ

(n)
ε → λ

(n)
0 ñëåäóåò, ÷òî äëÿ äîñòàòî÷íî ìàëûõ ε âåðíî ðàâåíñòâî

1
2πi

∫

∂Bδ(λ
(n)
0 )

(Hε − λ)−1
ψ

(n)
0 dλ = −(

ψ
(n)
0 , ψ(n)

ε

)
L2(R)

ψ(n)
ε ,

ãäå ψ
(n)
ε � íîðìèðîâàííàÿ â L2(R) ñîáñòâåííàÿ ôóíêöèÿ, ñîîòâåòñòâóþùàÿ λ

(n)
ε , à δ � òî æå,

÷òî è â (3.9). Îòñþäà è èç (3.9) âûòåêàåò ñõîäèìîñòü

(
ψ

(n)
0 , ψ(n)

ε

)
L2(R)

ψ(n)
ε → ψ

(n)
0 , ε → 0,

ñëàáàÿ â W 2
2 (R) è ñèëüíàÿ â W 1

2 (Q) äëÿ âñåõ Q ∈ C. Òàê êàê èç ñëàáîé ñõîäèìîñòè â W 2
2 (R)

ñëåäóåò ñëàáàÿ ñõîäèìîñòü â L2(R), óìíîæàÿ ïîñëåäíþþ ñõîäèìîñòü íà ψ
(n)
0 ñêàëÿðíî â L2(R),

âûâîäèì

(
ψ

(n)
0 , ψ(n)

ε

)2

L2(R)
→ 1, ε → 0.

Èç ïîñëåäíèõ äâóõ ñõîäèìîñòåé ñëåäóåò, ÷òî ñîáñòâåííàÿ ôóíêöèÿ ψ
(n)
ε sgn

(
ψ

(n)
0 , ψ

(n)
ε

)
L2(R)

óäî-
âëåòâîðÿåò óòâåðæäåíèþ ëåììû. ¤

Ïðè ïîñòðîåíèè àñèìïòîòè÷åñêèõ ðàçëîæåíèé ñîáñòâåííûõ çíà÷åíèé λ
(n)
ε , n = −K, . . . ,−1,

íàì ïîíàäîáèòñÿ ñëåäóþùåå âñïîìîãàòåëüíîå óòâåðæäåíèå.

Ëåììà 3.3. Ïðè λ, áëèçêèõ ê λ
(n)
0 , äëÿ ëþáîé ôóíêöèè f ∈ L2(R) âåðíî ïðåäñòàâëåíèå

(Hε − λ)−1f = − ψ
(n)
ε

λ− λ
(n)
ε

(
f, ψ(n)

ε

)
L2(R)

+ ũ(x, λ, ε), (3.10)

ãäå ôóíêöèÿ ũ(x, λ, ε) óäîâëåòâîðÿåò îöåíêå
‖ũ‖W 2

2 (R) 6 C‖f‖L2(R), (3.11)

ñ êîíñòàíòîé C, íå çàâèñÿùåé îò ε, λ è f .

Äîêàçàòåëüñòâî. Ïðåäñòàâëåíèå (3.10) ñ ôóíêöèåé ũ, ãîëîìîðôíîé ïî λ â íîðìå L2(R),
ñëåäóåò èç [27, ãë. V, § 3.5]. Ïóñòü δ òî æå, ÷òî è â (3.9). Ôóíêöèÿ ũ èìååò âèä

ũ = (Hε − λ)−1f̃ , f̃ = f − (f, ψ(n)
ε )L2(R)ψ

(n)
ε .

Îòñþäà è èç ãîëîìîðôíîñòè ũ ïî λ â íîðìå L2(R) ñëåäóåò ãîëîìîðôíîñòü ũ â íîðìå W 2
2 (R).

Êîìïàêò ∂Bδ(λ0) óäîâëåòâîðÿåò óñëîâèþ ëåììû 3.1, à ïîòîìó èç ïðèâåäåííîãî ïðåäñòàâëåíèÿ
äëÿ ôóíêöèè ũ ñëåäóåò îöåíêà (3.11), ðàâíîìåðíàÿ ïî λ ∈ ∂Bδ(λ0). Â ñèëó ïðèíöèïà ìàêñèìóìà
ìîäóëÿ äëÿ ãîëîìîðôíûõ ôóíêöèé, ôóíêöèÿ ũ óäîâëåòâîðÿåò îöåíêå (3.11) è äëÿ λ ∈ Bδ(λ0). ¤

Ïîìèìî ñîáñòâåííûõ çíà÷åíèé λ
(n)
ε , n = −K, . . . ,−1, â ïîëóáåñêîíå÷íîé ëàêóíå (−∞, µ+

0 (ε2))
îïåðàòîð Hε ìîæåò òàêæå èìåòü ñîáñòâåííûå çíà÷åíèÿ, íå ñõîäÿùèåñÿ ê ñîáñòâåííûì çíà÷åíè-
ÿì îïåðàòîðà H0. Êàê ñëåäóåò èç ëåììû 3.2, òàêèå ñîáñòâåííûå çíà÷åíèÿ äîëæíû ñòðåìèòüñÿ
ê íóëþ ïðè ε → 0. Îñòàâøàÿñÿ ÷àñòü ïàðàãðàôà ïîñâÿùåíà äîêàçàòåëüñòâó òîãî, ÷òî îïåðàòîð
Hε ìîæåò èìåòü íå áîëåå îäíîãî òàêîãî ñîáñòâåííîãî çíà÷åíèÿ. Êðîìå òîãî, áóäåò ïîêàçàíî, ÷òî
íåîáõîäèìûì óñëîâèåì ñóùåñòâîâàíèÿ òàêîãî ñîáñòâåííîãî çíà÷åíèÿ ÿâëÿåòñÿ íàëè÷èå íåòðèâè-
àëüíîãî ðåøåíèÿ çàäà÷è (1.6).

Âíà÷àëå äîêàæåì âñïîìîãàòåëüíûå ëåììû.
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Ëåììà 3.4. Ðåøåíèÿ ϕi = ϕi(ξ, ε2) óðàâíåíèÿ (2.2) ñ M = ε2µ+
0 (ε2), óäîâëåòâîðÿþùèå

íà÷àëüíûì óñëîâèÿì
ϕ1(0, ε2) = 1, ϕ′1(0, ε2) = 0,

ϕ2(0, ε2) = 0, ϕ′2(0, ε2) = 1,

äëÿ äîñòàòî÷íî ìàëûõ ε èìåþò âèä

ϕ1 = 1 +
∞∑

j=1

ε2jP j(ε2)[1],

ϕ2 = ξ +
∞∑

j=1

ε2jP j(ε2)[ξ],

ãäå îïåðàòîð P (ε2) îïðåäåëÿåòñÿ ðàâåíñòâîì

P (ε2)[f ](ξ, ε2) :=

ξ∫

0

(ξ − η)(a(η)− µ+
0 (ε2))f(η) dη

è ÿâëÿåòñÿ ëèíåéíûì îãðàíè÷åííûì îïåðàòîðîì èç C[0, 1] â C2[0, 1], ãîëîìîðôíûì ïî ε2. Ôóíê-
öèè ϕi ãîëîìîðôíû ïî ε2 â íîðìå C2[0, 1].

Çàìå÷àíèå 3.2. Çàïèñü P j(ε2)[1] è P j(ε2)[ξ] â óòâåðæäåíèè ëåììû îçíà÷àåò ïðèìåíåíèå
j-îé ñòåïåíè îïåðàòîðà P (ε2) ê ôóíêöèÿì f(ξ) ≡ 1 è f(ξ) ≡ ξ.

Äîêàçàòåëüñòâî. Óòâåðæäàåìûå ñâîéñòâà îïåðàòîðà P î÷åâèäíû. Çàäà÷è Êîøè äëÿ
ôóíêöèé ϕi ëåãêî ñâîäÿòñÿ ê èíòåãðàëüíûì óðàâíåíèÿì

ϕ1 − ε2P (ε2)[ϕ1] = 1,

ϕ2 − ε2P (ε2)[ϕ2] = ξ,

îòêóäà âûòåêàþò óòâåðæäàåìûå ðÿäû äëÿ ôóíêöèé ϕi è ãîëîìîðôíîñòü ýòèõ ôóíêöèé ïî ε2. ¤

Ëåììà 3.5. Ðåøåíèÿ Θi = Θi(ξ, ε2, k2) óðàâíåíèÿ (2.2) ñ M = ε2(µ+
0 (ε2)−k2), ãäå k � ìàëûé

êîìïëåêñíûé ïàðàìåòð, óäîâëåòâîðÿþùèå íà÷àëüíûì óñëîâèÿì
Θ1(0, ε2, k2) = 1, Θ′1(0, ε2, k2) = 0,

Θ2(0, ε2, k2) = 0, Θ′2(0, ε2, k2) = 1,

äëÿ äîñòàòî÷íî ìàëûõ ε èìåþò âèä

Θi = ϕi +
∞∑

j=1

ε2jk2jP̃ j(ε2)[ϕi],

ãäå îïåðàòîð P̃ (ε2) îïðåäåëÿåòñÿ ðàâåíñòâîì

P̃ (ε2)[f ](ξ, ε2) :=

ξ∫

0

(
ϕ2(ξ, ε2)ϕ1(η, ε2)− ϕ2(η, ε2)ϕ1(ξ, ε2)

)
f(η) dη

è ÿâëÿåòñÿ ëèíåéíûì îãðàíè÷åííûì îïåðàòîðîì èç C[0, 1] â C2[0, 1], ãîëîìîðôíûì ïî ε2. Ôóíê-
öèè Θi ãîëîìîðôíû ïî ε2 è k2 â íîðìå C2[0, 1].
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Äîêàçàòåëüñòâî. Îãðàíè÷åííîñòü è ãîëîìîðôíîñòü îïåðàòîðà P̃ ñëåäóåò èç ëåììû 3.4.
Ñâîäÿ óðàâíåíèå (2.2) ê èíòåãðàëüíîìó óðàâíåíèþ

Θi − ε2k2P̃ (ε2)[Θi] = ϕi,

ëåãêî âûâåñòè óòâåðæäåíèå ëåììû î ôóíêöèÿõ Θi. ¤

Óðàâíåíèå (2.2) èìååò 1-ïåðèîäè÷åñêèå êîýôôèöèåíòû, ïîýòîìó ê íåìó ïðèìåíèìà òåîðèÿ
Ôëîêå. Âû÷èñëèì ìóëüòèïëèêàòîðû, ñîîòâåòñòâóþùèå ýòîìó óðàâíåíèþ ñ M = ε2

(
µ+

0 (ε2)− k2
)
.

Ââåäåì ôóíêöèþ
D = D(ε2, k2) := Θ1(1, ε2, k2) + Θ′2(1, ε2, k2).

Â ñèëó ôîðìóë (8.13) èç [28, ãë. 2, § 2.8] ìóëüòèïëèêàòîðû κ± = κ±(ε, k) èìåþò âèä

κ± = κ±1, κ =
D +

√
D2 − 4
2

. (3.12)

Òàê êàê µ+
0 � êðàé ñóùåñòâåííîãî ñïåêòðà îïåðàòîðà Hε, à ñîîòâåòñòâóþùåå ðåøåíèå ζ+

0 óðàâ-
íåíèÿ (2.2) óäîâëåòâîðÿåò ïåðèîäè÷åñêèì êðàåâûì óñëîâèÿì (2.3), ñîãëàñíî [28, ãë. 2, § 2.8]
âûïîëíåíî òîæäåñòâî

ϕ1(1, ε2) + ϕ′2(1, ε2) ≡ 2.

Ó÷èòûâàÿ äàííîå òîæäåñòâî, â ñèëó ëåìì 3.4, 3.5 ïîëó÷àåì
D(ε2, k2) = 2 + ε2k2D̃(ε2) + ε4k2D̂(ε2, k2),

D̃(ε2) :=
(

P̃ (ε2)[ϕ1](ξ, ε2) +
d

dξ
P̃ (ε2)[ϕ2](ξ, ε2)

) ∣∣∣∣∣
ξ=1

= 1 +O(ε2),

ãäå D̃, D̂ � ãîëîìîðôíûå ôóíêöèè. Ïîäñòàâëÿÿ äàííûå ðàâåíñòâà â (3.12), íàõîäèì
κ(ε, k) = 1 + εk + ε3kκ̃(1)(ε, k) + ε2k2κ̃(2)(ε, k), (3.13)

ãäå κ̃(i)(ε, k) � ãîëîìîðôíûå ïî ε è k ôóíêöèè. Ïî òåîðåìå Ôëîêå � Ëÿïóíîâà, óðàâíåíèå (2.2)
ñ M = ε2(µ+

0 (ε2)− k2) èìååò ðåøåíèÿ âèäà

Θ± = Θ±(ξ, ε, k) = e∓ξ lnκ(ε,k)Θ±per(ξ, ε, k), (3.14)

ãäå Θ±per � 1-ïåðèîäè÷åñêèå ïî ξ ôóíêöèè. Îáîçíà÷èì ÷åðåç Wt(f(t), g(t)) âðîíñêèàí ôóíêöèé
f(t) è g(t). Ó÷èòûâàÿ ðàâåíñòâà

Θi(ξ + m, ε2, k2) = Θi(m, ε2, k2)Θ1(ξ, ε2, k2) + Θ′i(m, ε2, k2)Θ2(ξ, ε2, k2), m ∈ Z,

Wξ

(
Θ1(ξ, ε2, k2), Θ2(ξ, ε2, k2)

) ≡ 1,

κ(ε, k) + κ−1(ε, k) = Θ1(1, ε2, k2) + Θ′2(1, ε2, k2),

(3.15)

íåòðóäíî ïðîâåðèòü, ÷òî ôóíêöèè Θ± ìîæíî âûáðàòü ñëåäóþùèì îáðàçîì:

Θ±(ξ, ε, k) = Θ2(1, ε2, k2)Θ1(ξ, ε2, k2) +
(
κ∓1(ε, k)−Θ1(1, ε2, k2)

)
Θ2(ξ, ε2, k2). (3.16)

Ôóíêöèè Θ±per(ξ, ε, k) â ñèëó (3.13), (3.14), (3.16) è ëåìì 3.4, 3.5 óäîâëåòâîðÿåò ðàâåíñòâó

Θ±per(ξ, ε, k) = 1 + ε3kΘ±,1
per (ξ, ε, k) + ε2k2Θ±,2

per (ξ, ε, k), (3.17)

ãäå Θ±,i
per(ξ, ε, k) � 1-ïåðèîäè÷åñêèå ôóíêöèè, ãîëîìîðôíûå ïî ε è k â íîðìå C2[0, 1].

Ðàññìîòðèì óðàâíåíèå

(
− d2

dx2
+ V (x) + a

(x

ε

)
− λ

)
u = f, x ∈ R, (3.18)
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ãäå f ∈ L2(R) � ôèíèòíàÿ ôóíêöèÿ è supp f ⊆ [−x0, x0]. Ïàðàìåòð λ â ýòîì óðàâíåíèè âûáåðåì
ñëåäóþùèì îáðàçîì: λ = µ+

0 (ε2)−k2, ãäå k � ìàëûé êîìïëåêñíûé ïàðàìåòð. Ðåøåíèÿ óðàâíåíèÿ
(3.18) ñ òàêèì λ áóäåì èñêàòü â êëàññå W 2

2,loc(R), íàëàãàÿ íà íèõ ñëåäóþùåå òðåáîâàíèå:

u(x, ε, k) = c±(ε, k)Θ±
(x

ε
, ε, k

)
, ±x > x0. (3.19)

Äàííûå ðàâåíñòâà ìîæíî çàìåíèòü êðàåâûìè óñëîâèÿìè

d

dx

(
u

Θ±
(

x
ε , ε, k

)
)

= 0, x = ±x0. (3.20)

Â ñàìîì äåëå, ðåøåíèå çàäà÷è (3.18), (3.19) c λ = µ+
0 (ε2)− k2, î÷åâèäíî, óäîâëåòâîðÿåò êðàåâîé

çàäà÷å (3.18), (3.20). Ðåøåíèå çàäà÷è (3.18), (3.20) c λ = µ+
0 (ε2)− k2, ïðîäîëæåííîå ïî ïðàâèëó

u(x, ε, k) :=
u(±x0, ε, k)

Θ±
(±x0

ε , ε, k
)Θ±

(x

ε
, ε, k

)
, ±x > x0,

ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (3.18), (3.19). Îòìåòèì, ÷òî èç (3.13), (3.14), (3.17) ñëåäóåò, ÷òî

Θ±
(
±x0

ε
, k, ε

)
6= 0.

Â çàäà÷å (3.18), (3.20) ñäåëàåì çàìåíó

u(x, ε, k) = U(x, ε, k)ϕ
(x

ε
, ε2

)
, (3.21)

ãäå ôóíêöèÿ
ϕ(ξ, ε2) := ϕ2(1, ε2)ϕ1(ξ, ε2) + (1− ϕ1(1, ε2))ϕ2(ξ, ε2)

1-ïåðèîäè÷åñêàÿ ïî ξ. Äàííàÿ çàìåíà êîððåêòíà, òàê êàê â ñèëó ëåììû 3.4 ôóíêöèÿ ϕ ãîëî-
ìîðôíà ïî ε2 â íîðìå C2[0, 1], ïðè÷åì ϕ(ξ, 0) ≡ 1. Â ðåçóëüòàòå çàìåíû ïîëó÷àåì ñëåäóþùóþ
êðàåâóþ çàäà÷ó äëÿ U :

(
− d2

dx2
− 2ε−1 ϕ′

(
x
ε , ε2

)

ϕ
(

x
ε , ε2

) d

dx
+ V (x) + k2

)
U = F, x ∈ (−x0, x0),

dU

dx
− U

d

dx
ln

ϕ
(

x
ε , ε2

)

Θ±
(

x
ε , ε, k

) = 0, x = ±x0,

(3.22)

ãäå F = F (x, ε) = f(x)/ϕ
(

x
ε , ε2

)
.

Èçó÷èì ðàçðåøèìîñòü çàäà÷è (3.22). Äëÿ ýòîãî íàì ïîíàäîáèòñÿ

Ëåììà 3.6. Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.
(1) Äëÿ äîñòàòî÷íî ìàëûõ ε âåðíà ðàâíîìåðíàÿ ïî ε è x îöåíêà

∣∣∣∣∣
ϕ′

(
x
ε , ε2

)

ϕ
(

x
ε , ε2

)
∣∣∣∣∣ 6 Cε2.

(2) Ôóíêöèè

ρ± = ρ±(ε, k) := − d

dx
ln

ϕ
(

x
ε , ε2

)

Θ±
(

x
ε , ε, k

)
∣∣∣∣∣
x=±x0

ïðåäñòàâèìû â âèäå
ρ±(ε, k) = ∓k + ερ̃±(ε, k),

ãäå ρ̃±(ε, k) � ãîëîìîðôíûå ïî k ôóíêöèè, îãðàíè÷åííûå ðàâíîìåðíî ïî ε è k âìåñòå ñî
ñâîèìè ïðîèçâîäíûìè dρ̃±

dk
.
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Äîêàçàòåëüñòâî. Óòâåðæäåíèå (1) ñëåäóåò íåïîñðåäñòâåííî èç îïðåäåëåíèÿ ôóíêöèè ϕ è
ëåììû 3.4. Èç (3.14) âûâîäèì

d

dx
lnΘ±(ξ, ε, k) = ∓ lnκ(ε, k)

ε
+

d

dx
lnΘ±per

(x

ε
, ε, k

)
,

îòêóäà è èç (3.13), (3.17) è óòâåðæäåíèÿ (1) âûòåêàåò óòâåðæäåíèå (2). ¤

Ðåøåíèå çàäà÷è (3.22) ïîíèìàåòñÿ â îáîáùåííîì ñìûñëå, à èìåííî, êàê ðåøåíèå èíòåãðàëü-
íîãî óðàâíåíèÿ

(
dU

dx
,
dς

dx

)

L2(−x0,x0)

− 2ε−1

(
ϕ′

(
x
ε , ε2

)

ϕ
(

x
ε , ε2

) dU

dx
, ς

)

L2(−x0,x0)

+ (V U, ς)L2(−x0,x0)

+ k2 (U, ς)L2(−x0,x0)
+ ρ+(x0)U(x0, ε, k)ς(x0)− ρ−(−x0)U(−x0, ε, k)ς(−x0)

= (f, ς)L2(−x0,x0)
(3.23)

äëÿ âñåõ ς ∈ W 1
2 (−x0, x0). ×åðòà â äàííîì óðàâíåíèè îçíà÷àåò êîìïëåêñíîå ñîïðÿæåíèå. Â ñèëó

ëåììû 1′ èç [32, ãë. IV, § 1] ñóùåñòâóåò ëèíåéíûé îãðàíè÷åííûé îïåðàòîð T1 : L2(−x0, x0) →
W 1

2 (−x0, x0) òàêîé, ÷òî äëÿ âñåõ ς ∈ W 1
2 (−x0, x0)

(v, ς)L2(−x0,x0) = (T1v, ς)W 1
2 (−x0,x0). (3.24)

Ñóæåíèå îïåðàòîðà T1 íà W 1
2 (−x0, x0) êîìïàêòíî è ñàìîñîïðÿæåíî.

Ëåììà 3.7. Ñóùåñòâóþò ëèíåéíûå îãðàíè÷åííûå îïåðàòîðû T2(ε), T±3 : W 1
2 (−x0, x0) →

W 1
2 (−x0, x0) òàêèå, ÷òî îïåðàòîð T2(ε) îãðàíè÷åí ðàâíîìåðíî ïî ε, îïåðàòîðû T±3 êîìïàêòíû

è èìåþò ìåñòî ðàâåíñòâà

ε−2

(
ϕ′

(
x
ε , ε2

)

ϕ
(

x
ε , ε2

) dU

dx
, ς

)

L2(−x0,x0)

= (T2(ε)U, ς)W 1
2 (−x0,x0),

U(±x0)ς(±x0) = (T±3 U, ς)W 1
2 (−x0,x0).

Äîêàçàòåëüñòâî. Ïîëîæèì

T2(ε)U := ε−2T1

ϕ′
(

x
ε , ε2

)

ϕ
(

x
ε , ε2

) dU

dx
,

T±3 U :=
U(±x0) ch(x± x0)

sh 2x0
.

Óòâåðæäåíèå ëåììû îá îïåðàòîðå T2(ε) ñëåäóåò èç ëåììû 3.6(1), (3.24) è îãðàíè÷åííîñòè îïå-
ðàòîðà T1. Òðåáóåìûå ñâîéñòâà îïåðàòîðîâ T±3 ïðîâåðÿþòñÿ ïðÿìûìè âû÷èñëåíèÿìè. ¤

Â ñèëó (3.24) è äîêàçàííîé ëåììû óðàâíåíèå (3.23) ýêâèâàëåíòíî îïåðàòîðíîìó óðàâíåíèþ
â W 1

2 (−x0, x0):
(I− 2εT2(ε) + T1V + (k2 − 1)T1 + ρ+(ε, k)T+

3 − ρ−(ε, k)T−3 )U = T1F, (3.25)

ãäå I � åäèíè÷íûé îïåðàòîð, à V � îïåðàòîð óìíîæåíèÿ íà ôóíêöèþ V (x). Èññëåäóåì âíà÷àëå
ðàçðåøèìîñòü ýòîãî óðàâíåíèÿ ïðè ε = 0 (ïîëàãàåì T2(0) := 0). Îáîçíà÷èì

T4(k) := T1V + (k2 − 1)T1 − k(T−3 + T+
3 ).
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Ëåììà 3.8. Åñëè íå ñóùåñòâóåò íåòðèâèàëüíîãî ðåøåíèÿ çàäà÷è (1.6), òî äëÿ äîñòàòî÷íî
ìàëûõ k îïåðàòîð (I + T4(k)) èìååò îáðàòíûé, îãðàíè÷åííûé ðàâíîìåðíî ïî k.

Åñëè ñóùåñòâóåò íåòðèâèàëüíîå ðåøåíèå çàäà÷è (1.6), òî äëÿ ìàëûõ k èìååò ìåñòî ðà-
âåíñòâî

(I + T4(k))−1g = −ψ
(0)
0

k

(
g, ψ

(0)
0

)
W 1

2 (−x0,x0)
+ T5(k)g,

ãäå g ∈ W 1
2 (−x0, x0), T5(k) : W 1

2 (−x0, x0) → W 1
2 (−x0, x0) � ëèíåéíûé îãðàíè÷åííûé îïåðàòîð,

ãîëîìîðôíûé ïî k, à ôóíêöèÿ ψ
(0)
0 óäîâëåòâîðÿåò íîðìèðîâêå (1.12).

Äîêàçàòåëüñòâî. Ïóñòü çàäà÷à (1.6) íå èìååò íåòðèâèàëüíîãî ðåøåíèÿ. Îïåðàòîð T4(0)
êîìïàêòåí, ñëåäîâàòåëüíî, â ñèëó àëüòåðíàòèâ Ôðåäãîëüìà îáðàòèìîñòü îïåðàòîðà (I + T4(0))
ýêâèâàëåíòíà îòñóòñòâèþ íåòðèâèàëüíûõ ðåøåíèé óðàâíåíèÿ

(I + T4(0))U = 0. (3.26)

Ëåãêî ïðîâåðèòü, ÷òî êàæäîå ðåøåíèå òàêîãî óðàâíåíèå ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì êðàåâîé
çàäà÷è

(
− d2

dx2
+ V

)
U = 0, x ∈ (−x0, x0),

dU

dx
= 0, x = ±x0.

Äàííàÿ çàäà÷à ýêâèâàëåíòíà çàäà÷å (1.6), êîòîðàÿ íå èìååò íåòðèâèàëüíûõ ðåøåíèé. Ñëåäîâà-
òåëüíî, îïåðàòîð (I + T4(0)) èìååò îãðàíè÷åííûé îáðàòíûé, îòêóäà óæå ñëåäóåò, ÷òî äëÿ äîñòà-
òî÷íî ìàëûõ k è îïåðàòîð (I + T4(k)) èìååò îáðàòíûé, îãðàíè÷åííûé ðàâíîìåðíî ïî k.

Äîïóñòèì, ÷òî çàäà÷à (1.6) èìååò íåòðèâèàëüíîå ðåøåíèå. Îïåðàòîðíîå óðàâíåíèå (I +
T4(k))U = 0 îïèñûâàåò îáîáùåííûå ðåøåíèÿ ñëåäóþùåé êðàåâîé çàäà÷è:

(
− d2

dx2
+ V − k2

)
U = 0, x ∈ (−x0, x0),

(
d

dx
± k

)
U = 0, x = ±x0.

Íåòðèâèàëüíûå ðåøåíèÿ U ýòîé çàäà÷è äëÿ k > 0, ïðîäîëæåííûå ïî ïðàâèëó
U(x, k) := U(±x0, k)e∓k(x∓x0), ±x > x0,

ÿâëÿþòñÿ ñîáñòâåííûìè ôóíêöèÿìè îïåðàòîðà H0, ñîîòâåòñòâóþùèìè ñîáñòâåííûì çíà÷åíèÿì
λ = −k2. Òàê êàê îòðèöàòåëüíûé ñïåêòð îïåðàòîðà H0 äèñêðåòåí, ñóùåñòâóåò ÷èñëî k∗ > 0
òàêîå, ÷òî λ = −k2

∗ íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì îïåðàòîðà H0, ò.å. îïåðàòîð (I+T4(k∗))−1

îáðàòèì. Ó÷èòûâàÿ äàííûé ôàêò, à òàêæå êîìïàêòíîñòü îïåðàòîðà T4(k) è òåîðåìó 7.1 èç [4,
ãë. XV, § 7], çàêëþ÷àåì, ÷òî îïåðàòîð (I + T4(k))−1 ìåðîìîðôåí ïî k. Ôóíêöèÿ ψ

(0)
0 ÿâëÿåòñÿ

ðåøåíèåì óðàâíåíèÿ (3.26), îòêóäà ñëåäóåò, ÷òî îïåðàòîð (I + T4(k))−1 èìååò ïîëþñ â íóëå:

U = (I + T4(k))−1g =
U0

km
+ k−m+1T5(k)g,

ãäå m > 1 � ïîðÿäîê ïîëþñà, T5(k) : W 1
2 (−x0, x0) → W 1

2 (−x0, x0) � îãðàíè÷åííûé ëèíåéíûé
îïåðàòîð, ãîëîìîðôíûé ïî k. Èç äàííîãî ðàâåíñòâà è îïðåäåëåíèÿ îïåðàòîðà T4(k) ñëåäóåò, ÷òî

g =
(I + T4(0))U0

km
+

(I + T4(0))T5(0)g − (T+
3 + T−3 )U0

km−1
+O(k−m+2), (3.27)

ò.å. U0 � ðåøåíèå óðàâíåíèÿ (3.26): U0 = C(g)ψ(0)
0 , ãäå C(g) � íåêîòîðûé ëèíåéíûé ôóíêöèîíàë,

íå ðàâíûé òîæäåñòâåííî íóëþ.
Óìíîæèì ðàâåíñòâî (3.27) ñêàëÿðíî íà ψ

(0)
0 â W 1

2 (−x0, x0) è ó÷òåì îïðåäåëåíèå îïåðàòîðîâ
T±3 è íîðìèðîâêó (1.12):
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(
g, ψ

(0)
0

)
W 1

2 (−x0,x0)
=

(
(I + T4(0))T5(0)g, ψ

(0)
0

)
W 1

2 (−x0,x0)
− C(g)

km−1
+O(k−m+2).

Èñïîëüçóÿ îïðåäåëåíèå îïåðàòîðà T1, íåòðóäíî ïðîâåðèòü, ÷òî îïåðàòîð T4(0) ñàìîñîïðÿæåí,
îòêóäà ñëåäóåò, ÷òî

(
(I + T4(0))T5(0)g, ψ

(0)
0

)
W 1

2 (−x0,x0)
=

(
T5(0)g, (I + T4(0))ψ(0)

0

)
W 1

2 (−x0,x0)
= 0.

Òàê êàê C(g) íå ðàâíî òîæäåñòâåííî íóëþ, èç ïîñëåäíèõ äâóõ ðàâåíñòâ ñëåäóåò, ÷òî m = 1 è
C(g) = −(

g, ψ
(0)
0

)
W 1

2 (−x0,x0)
. ¤

Ëåììà 3.9. Ïóñòü íå ñóùåñòâóåò íåòðèâèàëüíîãî ðåøåíèÿ çàäà÷è (1.6). Òîãäà îïåðàòîð
Hε íå èìååò ñîáñòâåííûõ çíà÷åíèé, ñòðåìÿùèõñÿ ê íóëþ ïðè ε → 0.

Äîêàçàòåëüñòâî. Èç ëåìì 3.7, 3.8 è ëåììû 3.6(2) âûòåêàåò, ÷òî îïåðàòîð â ïðàâîé ÷àñòè
óðàâíåíèÿ (3.25) îãðàíè÷åííî îáðàòèì, ò.å. óðàâíåíèå (3.25) c F = 0 íå èìååò íåòðèâèàëüíûõ
ðåøåíèé äëÿ âñåõ äîñòàòî÷íî ìàëûõ ε è k. Ñëåäîâàòåëüíî, çàäà÷à (3.22), à ïîòîìó, è çàäà÷à
(3.18), (3.19) íå èìååò íåòðèâèàëüíûõ ðåøåíèé ïðè F = 0 äëÿ äîñòàòî÷íî ìàëûõ ε è k. Îòñþäà
ñëåäóåò îòñóòñòâèå ìàëûõ ñîáñòâåííûõ çíà÷åíèé ó îïåðàòîðà Hε. ¤

Èññëåäóåì ñëó÷àé íàëè÷èÿ íåòðèâèàëüíîãî ðåøåíèÿ çàäà÷è (1.6), êîòîðîå âñþäó áóäåì ïðåä-
ïîëàãàòü óäîâëåòâîðÿþùèì ðàâåíñòâó (1.12). Ìû èñïîëüçóåì ïîäõîä, ïðåäëîæåííûé â [33] (ñì.
òàêæå [34, 35]).

Ïðèìåíèì îïåðàòîð (I + T4(k))−1 ê óðàâíåíèþ (3.25). Â ñèëó ëåìì 3.6(2) è 3.8 ïîëó÷èì

U − ε

k
ψ

(0)
0

(
T6(ε, k)U,ψ

(0)
0

)
W 1

2 (−x0,x0)
+ εT5(k)T6(ε, k)U

= −1
k

ψ
(0)
0

(
T1F, ψ

(0)
0

)
W 1

2 (−x0,x0)
+ T5(k)T1F, (3.28)

ãäå
T6(ε, k) := −2T2(ε) + ρ̃+(ε, k)T+

3 − ρ̃−(ε, k)T−3 .

Èç ëåìì 3.6(2) è 3.7 âûòåêàåò ðàâíîìåðíàÿ ïî ε è k îãðàíè÷åííîñòü îïåðàòîðà T6(ε, k). Ñ
ó÷åòîì ãîëîìîðôíîñòè îïåðàòîðà T5(k) îòñþäà ñëåäóåò îãðàíè÷åííàÿ îáðàòèìîñòü îïåðàòîðà
(I + εT5(k)T6(ε, k)) äëÿ äîñòàòî÷íî ìàëûõ ε è k. Îáîçíà÷èì

T7(ε, k) := (I + εT5(k)T6(ε, k))−1.

ßñíî, ÷òî âåðíà ðàâíîìåðíàÿ ïî k ñõîäèìîñòü:

T7(ε, k) → I, ε → 0. (3.29)
Ïðèìåíÿÿ T7(ε, k) ê óðàâíåíèþ (3.28) è ó÷èòûâàÿ ðàâåíñòâî (3.24), ïîëó÷àåì

U − ε

k

(
T6(ε, k)U,ψ

(0)
0

)
W 1

2 (−x0,x0)
T7(ε, k)ψ(0)

0

= −1
k

(
F,ψ

(0)
0

)
L2(−x0,x0)

T7(ε, k)ψ(0)
0 + T7(ε, k)T5(k)T1F. (3.30)

Ïîäåéñòâóåì îïåðàòîðîì T6(ε, k) íà ýòî óðàâíåíèå, ïîñëå ÷åãî âû÷èñëèì ñêàëÿðíîå ïðîèçâå-
äåíèå ñ ψ

(0)
0 â W 1

2 (−x0, x0) è óìíîæèì íà k:
(k − εg(ε, k))

(
T6(ε, k)U,ψ

(0)
0

)
W 1

2 (−x0,x0)

= −g(ε, k)
(
F, ψ

(0)
0

)
L2(−x0,x0)

+ k
(
T6(ε, k)T7(ε, k)T5(k)T1F, ψ

(0)
0

)
W 1

2 (−x0,x0)
, (3.31)

g(ε, k) :=
(
T6(ε, k)T7(ε, k)ψ(0)

0 , ψ
(0)
0

)
W 1

2 (−x0,x0)
.



Î ñïåêòðå îïåðàòîðà Øðåäèíãåðà 3939

Íåòðèâèàëüíûå ðåøåíèÿ óðàâíåíèÿ (3.25) ñ F = 0 óäîâëåòâîðÿþò óðàâíåíèþ (3.31) ñ F =
0. Áîëåå òîãî, äëÿ òàêèõ ðåøåíèé ñêàëÿðíîå ïðîèçâåäåíèå

(
T6(ε, k)U,ψ

(0)
0

)
W 1

2 (−x0,x0)
íå ìîæåò

îáðàùàòüñÿ â íóëü, èíà÷å èç (3.30) ñëåäîâàëî áû U = 0.
Òàêèì îáðàçîì, óðàâíåíèå (3.25) ñ F = 0 ìîæåò èìåòü íåòðèâèàëüíîå ðåøåíèå òîëüêî äëÿ

òåõ k, êîòîðûå óäîâëåòâîðÿþò óðàâíåíèþ
k = εg(ε, k). (3.32)

Ñîîòâåòñòâóþùåå òàêèì êîðíÿì k = kε íåòðèâèàëüíîå ðåøåíèå óðàâíåíèÿ (3.25), êàê ñëåäóåò èç
(3.30) ñ F = 0, åäèíñòâåííî ñ òî÷íîñòüþ äî ÷èñëîâîãî ìíîæèòåëÿ è èìååò âèä

Uε = T7(ε, kε)ψ
(0)
0 , (3.33)

ïðè÷åì Uε 6= 0, òàê êàê â ñèëó (3.29) èìååò ìåñòî ñëåäóþùàÿ ñõîäèìîñòü â W 1
2 (−x0, x0):

Uε = T7(ε, kε)ψ
(0)
0 → ψ

(0)
0 6= 0.

Ñëåäîâàòåëüíî, óðàâíåíèå (3.32) ÿâëÿåòñÿ óðàâíåíèåì íà k, äëÿ êîòîðûõ ñóùåñòâóþò íåòðèâè-
àëüíûå ðåøåíèÿ óðàâíåíèÿ (3.25) ñ F = 0.

Ôóíêöèÿ g(ε, k) ãîëîìîðôíà ïî k è îãðàíè÷åíà ðàâíîìåðíî ïî ε è k. Ïîýòîìó çà ñ÷åò âû-
áîðà ε ïðàâóþ ÷àñòü â (3.32) ìîæíî ñäåëàòü ñêîëü óãîäíî ìàëîé äëÿ |k| = δ, ãäå δ � ìàëîå
ôèêñèðîâàííîå ÷èñëî. Îòñþäà ïî òåîðåìå Ðóøå ñëåäóåò, ÷òî â êðóãå {k : |k| 6 δ} ôóíêöèÿ
k 7→ (k− εg(ε, k)) èìååò ñòîëüêî æå íóëåé, ñêîëüêî è ôóíêöèÿ k 7→ k. Ñëåäîâàòåëüíî, óðàâíåíèå
(3.32) èìååò ðîâíî îäèí êîðåíü kε, ïðè÷åì kε → 0 ïðè ε → 0. Ñîîòâåòñòâóþùåå íåòðèâèàëüíîå
ðåøåíèå óðàâíåíèÿ (3.25) ñ F = 0 äàåòñÿ ôîðìóëîé (3.33). Äàííîå íåòðèâèàëüíîå ðåøåíèå áóäåò
ýëåìåíòîì L2(R) òîãäà è òîëüêî òîãäà, êîãäà Re kε > 0 (ñì. (3.13), (3.14), (3.19), (3.21)), à ïîòîìó
òîëüêî â ýòîì ñëó÷àå îïåðàòîð Hε èìååò ñîáñòâåííîå çíà÷åíèå λε = µ+

0 (ε2)− k2
ε , ñòðåìÿùååñÿ ê

íóëþ ïðè ε → 0.
Òàêèì îáðàçîì, äîêàçàíà

Ëåììà 3.10. Îïåðàòîð Hε èìååò ñîáñòâåííîå çíà÷åíèå, ñõîäÿùååñÿ ê íóëþ ïðè ε → 0,
òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò íåòðèâèàëüíîå ðåøåíèå çàäà÷è (1.6), à ðåøåíèå kε

óðàâíåíèÿ (3.32) óäîâëåòâîðÿåò íåðàâåíñòâó Re kε > 0. Â ñëó÷àå ñóùåñòâîâàíèÿ äàííîå ñîá-
ñòâåííîå çíà÷åíèå ïðîñòîå è èìååò âèä λ

(0)
ε = µ+

0 (ε2) − k2
ε . Ñîîòâåòñòâóþùàÿ ñîáñòâåííàÿ

ôóíêöèÿ äàåòñÿ ðàâåíñòâîì

ψ(0)
ε (x) =





ϕ
(x

ε
, ε2

)
Uε(x), |x| < x0,

ϕ
(±x0

ε , ε2
)
Uε(±x0)

Θ±
(±x0

ε , ε, kε

) Θ±
(x

ε
, ε, kε

)
, ±x > x0,

è âåðíà ñõîäèìîñòü
ψ(0)

ε → ψ
(0)
0 , ε → 0 (3.34)

â W 1
2 (Q) äëÿ ëþáîãî Q ∈ C.

Â § 5 ìû ïîêàæåì, ÷òî ðåøåíèå óðàâíåíèÿ (3.32) óäîâëåòâîðÿåò íåðàâåíñòâó Re kε > 0, äëÿ
÷åãî íàì ïîíàäîáèòñÿ ñëåäóþùåå âñïîìîãàòåëüíîå óòâåðæäåíèå.

Ëåììà 3.11. Ïðè k, áëèçêèõ ê íóëþ, äëÿ ëþáîé ôóíêöèè F ∈ L2(−x0, x0) âåðíî ïðåäñòàâ-
ëåíèå

(I− 2εT2(ε) + T1V + (k2 − 1)T1 + ρ+T+
3 − ρ−T−3 )−1T1F =

T8(ε, k)F
k − kε

Uε + T9(ε, k)F, (3.35)

ãäå T8(ε, k) : L2(−x0, x0) → C, T9(ε, k) : L2(−x0, x0) → W 1
2 (−x0, x0) � ëèíåéíûå ôóíêöèîíàë è

îïåðàòîð, îãðàíè÷åííûå ðàâíîìåðíî ïî ε è k.
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Äîêàçàòåëüñòâî. Çàêîí÷èì ðåøåíèå óðàâíåíèÿ (3.25). Âûðàçèì èç (3.31) ñêàëÿðíîå ïðî-
èçâåäåíèå

(
T6(ε, k)U,ψ

(0)
0

)
W 1

2 (−x0,x0)
è ïîäñòàâèì ðåçóëüòàò â (3.30):

U =
T10(ε, k)F
k − εg(ε, k)

T7(ε, k)ψ(0)
0 + T7(ε, k)T5(k)T1F, (3.36)

ãäå
T10(ε, k)F :=

(
T6(ε, k)T7(ε, k)T5(k)T1F, ψ

(0)
0

)
W 1

2 (−x0,x0)
− (

F, ψ
(0)
0

)
L2(−x0,x0)

,

Â ñèëó óðàâíåíèÿ (3.32) âûâîäèì
k − εg(ε, k) = (k − kε) (1 + εg̃(ε, k)) ,

g̃(ε, k) =
g(ε, kε)− g(ε, k)

k − kε
.

Èç ëåììû 3.6(2), ãîëîìîðôíîñòè îïåðàòîðà T5(k) è îïðåäåëåíèÿ îïåðàòîðîâ T6(ε, k), T7(ε, k) è
ôóíêöèè g(ε, k) âûòåêàåò, ÷òî ïðîèçâîäíàÿ d

dk
g(ε, k) îãðàíè÷åíà ðàâíîìåðíî ïî ε è k. Îòñþäà â

ñèëó ëåììû Àäàìàðà ñëåäóåò ðàâíîìåðíàÿ ïî ε è k îöåíêà
|g̃(ε, k)| 6 C.

Àíàëîãè÷íî äîêàçûâàåòñÿ ðàâíîìåðíàÿ ïî ε è k îöåíêà

‖T7(ε, k)ψ(0)
0 − Uε‖W 1

2 (−x0,x0) = ‖(T7(ε, k)− T7(ε, kε))ψ
(0)
0 ‖W 1

2 (−x0,x0) 6 C|k − kε|.

Èç ïîñëåäíèõ äâóõ îöåíîê è (3.36) âûòåêàåò ïðåäñòàâëåíèå (3.35), ãäå

T8(ε, k) =
T10(ε, k)F
1 + εg̃(ε, k)

,

T9(ε, k) =
(T7(ε, k)− T7(ε, kε))ψ

(0)
0

k − εg(ε, k)
T10(ε, k) + T7(ε, k)T5(k)T1.

Ëåììà äîêàçàíà. ¤

§ 4. Àñèìïòîòèêè êîíå÷íûõ ñîáñòâåííûõ çíà÷åíèé
â ïîëóáåñêîíå÷íîé ëàêóíå

Â íàñòîÿùåì ïàðàãðàôå ìû ïîñòðîèì àñèìïòîòè÷åñêèå ðàçëîæåíèÿ ñîáñòâåííûõ çíà÷åíèé λ
(n)
ε ,

n = −K, . . . ,−1, îïåðàòîðà Hε. Òàêæå áóäóò ïîñòðîåíû àñèìïòîòè÷åñêèå ðàçëîæåíèÿ ñîîòâåò-
ñòâóþùèõ ñîáñòâåííûõ ôóíêöèé. Âíà÷àëå ìû ïðîâåäåì ôîðìàëüíîå ïîñòðîåíèå àñèìïòîòè÷å-
ñêèõ ðàçëîæåíèé, à çàòåì ñòðîãî èõ îáîñíóåì.

Àñèìïòîòèêó ñîáñòâåííîãî çíà÷åíèÿ λ
(n)
ε áóäåì ñòðîèòü â âèäå ðÿäà (1.7). Äëÿ ïîñòðîå-

íèè àñèìïòîòèêè ñîîòâåòñòâóþùåé ñîáñòâåííîé ôóíêöèè ìû èñïîëüçóåì ìåòîä äâóõìàñøòàá-
íûõ àñèìïòîòè÷åñêèõ ðàçëîæåíèé (àñèìïòîòè÷åñêèé ìåòîä óñðåäíåíèÿ) [3, 6, 7]. Ñëåäóÿ ýòîìó
ìåòîäó, àñèìïòîòèêó ñîáñòâåííîé ôóíêöèè èùåì â âèäå

ψ(n)
ε (x) = ψ

(n)
0 (x) +

∞∑

i=2

εiψ
(n)
i (x, ξ), (4.1)

ãäå ξ = x/ε. Ôóíêöèè ψi áóäåì èñêàòü 1-ïåðèîäè÷åñêèìè ïî âòîðîìó àðãóìåíòó. Ñîáñòâåííàÿ
ôóíêöèÿ, ñîîòâåòñòâóþùàÿ λ

(n)
ε , äîëæíà áûòü ýëåìåíòîì L2(R), ïîýòîìó íà ôóíêöèè ψi íàëî-

æèì äîïîëíèòåëüíîå óñëîâèå: ψi(x, x/ε) ∈ L2(R).
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Öåëüþ ôîðìàëüíîãî ïîñòðîåíèÿ ÿâëÿåòñÿ îïðåäåëåíèå êîýôôèöèåíòîâ ðÿäîâ (1.7) è (4.1).
Âñþäó â ïîñòðîåíèè ìû îïóñêàåì âåðõíèé èíäåêñ (n) â îáîçíà÷åíèÿõ λ

(n)
i è ψ

(n)
i , ïîäðàçóìåâàÿ

â òî æå âðåìÿ, ÷òî âñå ôóíêöèè, âîçíèêàþùèå â ïðîöåññå ïîñòðîåíèÿ, òàêæå çàâèñÿò îò n.
Ñîáñòâåííàÿ ôóíêöèÿ, ñîîòâåòñòâóþùàÿ λ

(n)
ε , óäîâëåòâîðÿåò óðàâíåíèþ (3.18) ñ f = 0, λ =

λ
(n)
ε . Ïîýòîìó ïîäñòàâèì ðÿäû (1.7), (4.1) â óðàâíåíèå (3.18) ñ f = 0, ñîáåðåì êîýôôèöèåíòû ïðè

îäèíàêîâûõ ñòåïåíÿõ ε è ïðèðàâíÿåì èõ íóëþ. Ïîëó÷èì ñëåäóþùèå óðàâíåíèÿ:

− ∂2

∂ξ2
ψi+2 =

(
∂2

∂x2
− a− V

)
ψi + 2

∂2

∂x∂ξ
ψi+1 +

i−2∑

j=0

λjψi−j + λiψ0, (x, ξ) ∈ R2, i > 0. (4.2)

ãäå a = a(ξ), V = V (x), λ1 = 0, ψ0(x, ξ) := ψ0(x), ψ1(x, ξ) := 0. Ñëåäóÿ ìåòîäó äâóõìàñøòàáíûõ
àñèìïòîòè÷åñêèõ ðàçëîæåíèé, ïåðåìåííûå x è ξ â ýòèõ óðàâíåíèÿõ ìû ñ÷èòàåì íåçàâèñèìûìè.
Ñîãëàñíî ëåììå 2.3 óðàâíåíèÿ (4.2) èìåþò 1-ïåðèîäè÷åñêèå ïî ξ ðåøåíèÿ, åñëè äëÿ èõ ïðàâûõ
÷àñòåé âûïîëíåíû ñëåäóþùèå óñëîâèÿ ðàçðåøèìîñòè:

(
− d2

dx2
+ V − λ0

) 1∫

0

ψi dξ = −
1∫

0

aψi dξ +
i−2∑

j=2

λj

1∫

0

ψi−j dξ + λiψ0, x ∈ R. (4.3)

Çäåñü ìû òàêæå ó÷ëè, ÷òî ôóíêöèÿ ψi+1 ïðåäïîëàãàåòñÿ 1-ïåðèîäè÷åñêîé ïî ξ. Îáîçíà÷èì

W∞
2 (R) :=

∞⋂
p=1

W p
2 (R).

Â ñèëó ñòàíäàðòíûõ òåîðåì âëîæåíèÿ âûïîëíåíî W∞
2 (R) ⊂ C∞(R) (ñì., íàïðèìåð, [32, ãë. III,

§ 6]. Î÷åâèäíî, ÷òî ψ0 ∈ W∞
2 (R).

Äëÿ ðåøåíèÿ óðàâíåíèé (4.2), (4.3) íàì ïîíàäîáèòñÿ ñëåäóþùàÿ âñïîìîãàòåëüíàÿ ëåììà.

Ëåììà 4.1. Óðàâíåíèå
(
− d2

dx2
+ V − λ0

)
u = f, x ∈ R, (4.4)

ãäå f ∈ L2(R), ðàçðåøèìî â ïðîñòðàíñòâå W 2
2 (R) òîãäà è òîëüêî òîãäà, êîãäà (f, ψ0)L2(R) = 0. Â

ýòîì ñëó÷àå ðåøåíèå óðàâíåíèÿ (4.4) åäèíñòâåííî ñ òî÷íîñòüþ äî ñëàãàåìîãî Cψ0, C = const.
Ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå u ∈ W 2

2 (R), îðòîãîíàëüíîå ψ0 â L2(R). Åñëè f ∈ W∞
2 (R),

òî u ∈ W∞
2 (R).

Äîêàçàòåëüñòâî. Ðåçîëüâåíòà (H0 − λ)−1 : L2(R) → W 2
2 (R) ìåðîìîðôíà ïî λ â ìàëîé

îêðåñòíîñòè λ0 è ñîãëàñíî [27, ãë. V, § 3.5] èìååò â òî÷êå λ0 ïðîñòîé ïîëþñ, âû÷åò â êîòîðîì
ÿâëÿåòñÿ ïðîåêòîðîì íà ψ0. Ñëåäîâàòåëüíî, ðåçîëüâåíòà (H0 − λ0)−1 ÿâëÿåòñÿ îãðàíè÷åííûì
îïåðàòîðîì íà îðòîãîíàëüíîì äîïîëíåíèè ê ψ0 â L2(R), ÷òî äîêàçûâàåò óñëîâèå ðàçðåøèìîñòè

óðàâíåíèÿ (4.4) â ïðîñòðàíñòâå W 2
2 (R). Åñëè f ∈ W p

2 (R), òî, âûðàæàÿ d2u

dx2 èç óðàâíåíèÿ (4.4),
íåòðóäíî ïîêàçàòü, ÷òî u ∈ W p+2

2 (R). Ñëåäîâàòåëüíî, åñëè f ∈ W∞
2 (R), òî u ∈ W∞

2 (R). ¤

Î÷åâèäíî, ÷òî óðàâíåíèå (4.3) âûïîëíåíî äëÿ i = 0, 1. Íåòðóäíî ïðîâåðèòü, ÷òî 1-
ïåðèîäè÷åñêîå ïî ξ ðåøåíèå óðàâíåíèÿ (4.2) ñ i = 0 èìååò âèä

ψ2(x, ξ) = u2,0(x) + ψ̃2(x, ξ),

ψ̃2(x, ξ) = u2,1(x)ψ2,1(ξ),

ãäå u2,0 � íåêîòîðàÿ ôóíêöèÿ,
u2,1(x) = ψ0(x), ψ2,1(ξ) = −L0[a](ξ). (4.5)
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ßñíî, ÷òî ψ0 ∈ C∞(R), ψ2,1 ∈ C2(R). Óñëîâèå ψ2 (x, x/ε) ∈ L2(R) âûïîëíåíî, åñëè òî æå óñëîâèå
âûïîëíåíî è äëÿ ôóíêöèè u2,0, ïîýòîìó ôóíêöèþ u2,0 èùåì â ïðîñòðàíñòâå L2(R). Ïîäñòàâèì
ïîëó÷åííîå âûðàæåíèå äëÿ ψ2 â óðàâíåíèå (4.3) ñ i = 2 è ó÷òåì, ÷òî â ñèëó ëåììû 2.3 èìååò
ìåñòî ðàâåíñòâî

1∫

0

ψ2,1(ξ) dξ = 0.

Â ðåçóëüòàòå ïîëó÷èì óðàâíåíèå
(
− d2

dx2
+ V − λ0

)
u2,0 = − (a, ψ2,1)L2(0,1) ψ0 + λ2ψ0, x ∈ R.

Òàê êàê ïðàâàÿ ÷àñòü ýòîãî óðàâíåíèÿ ÿâëÿåòñÿ ýëåìåíòîì L2(R), â ñèëó ëåììû 4.1 óðàâíåíèå
ðàçðåøèìî â L2(R), åñëè èìååò ìåñòî ðàâåíñòâî

− (a, ψ2,1)L2(0,1) + λ2 = 0.

Îòñþäà ñ ó÷åòîì (2.10) è (4.5) âûòåêàåò ôîðìóëà (1.8) äëÿ λ2. Â ñâîþ î÷åðåäü, èç ýòîãî ðàâåíñòâà
ñëåäóåò, ÷òî u2,0 = Cψ0. Êîíñòàíòó C âûáåðåì èç óñëîâèÿ îðòîãîíàëüíîñòè (u2,0, ψ0)L2(R) = 0,
ò.å. u2,0 ≡ 0. Òàêèì îáðàçîì, ôóíêöèÿ ψ2 èìååò âèä

ψ2(x, ξ) = ψ̃2(x, ξ) = u2,1(x)ψ2,1(ξ), (4.6)

ãäå u2,1 è ψ2,1 îïðåäåëÿþòñÿ ðàâåíñòâàìè (4.5). Îñòàëüíûå ôóíêöèè ψi è ÷èñëà λi îïðåäåëÿþòñÿ
ñëåäóþùåé ëåììîé.

Ëåììà 4.2. Ñóùåñòâóþò ðåøåíèÿ óðàâíåíèé (4.2), (4.3) âèäà
ψi(x, ξ) = ui,0(x) + ψ̃i(x, ξ), (4.7)

ψ̃i(x, ξ) = L0[Gi(x, ·)](ξ) =
mi∑

j=1

ui,j(x)ψi,j(ξ), (4.8)

Gi :=
(

∂2

∂x2
− a− V

)
ψ̃i−2 +

1∫

0

aψ̃i−2 dξ + 2
∂2

∂x∂ξ
ψ̃i−1 +

i−4∑

j=0

λjψ̃i−j−2 − aui−2,0, (4.9)

ãäå Gi = Gi(x, ξ), a = a(ξ), V = V (x), ψ̃0 = ψ̃1 := 0, u0,0 := ψ0, mi � íåêîòîðûå ÷èñëà,
ui,j ∈ W∞

2 (R), ψi,j ∈ C2(R) � 1-ïåðèîäè÷åñêèå ôóíêöèè, óäîâëåòâîðÿþùèå ðàâåíñòâàì
1∫

0

ψi,j(ξ) dξ = 0. (4.10)

Ôóíêöèè ui,0 ∈ W∞
2 (R) ÿâëÿþòñÿ ðåøåíèÿìè óðàâíåíèé

(
− d2

dx2
+ V − λ0

)
ui,0 =−

1∫

0

aψ̃i dξ +
i−1∑

j=1

λjui−j,0 + λiψ0, x ∈ R, (4.11)

îðòîãîíàëüíûìè ψ0 â L2(R). ×èñëà λi îïðåäåëÿþòñÿ ôîðìóëàìè

λi =
∫

R

1∫

0

a(ξ)ψ0(x)ψ̃i(x, ξ) dξ dx. (4.12)

Çàìå÷àíèå 4.1. Çàïèñü L0[Gi(x, ·)] îçíà÷àåò ïðèìåíåíèå îïåðàòîðà L0 ê ôóíêöèè Gi(x, ξ)
êàê ê ôóíêöèè ïåðåìåííîé ξ, çàâèñÿùåé îò äîïîëíèòåëüíîãî ïàðàìåòðà x.
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Äîêàçàòåëüñòâî. Ïðèìåíèì èíäóêöèþ. Äëÿ i = 2 óòâåðæäåíèå ëåììû ñëåäóåò èç ôîðìó-
ëû (1.8) äëÿ λ2 è ôîðìóë (4.5), (4.6) äëÿ ôóíêöèè ψ2(x, ξ). Êðîìå òîãî, óðàâíåíèå (4.2) âûïîëíåíî
äëÿ i = 0, à óðàâíåíèå (4.3) âûïîëíåíî äëÿ i = 0, 1, 2.

Ïóñòü ôîðìóëû (4.7)�(4.10) âåðíû äëÿ i 6 m + 1, óðàâíåíèÿ (4.2), (4.3), (4.11) è ôîðìóëû
(4.12) � äëÿ i 6 m − 1. Äîêàæåì, ÷òî òîãäà óðàâíåíèÿ (4.2), (4.3) ðàçðåøèìû äëÿ i = m è èõ
ðåøåíèÿ îïðåäåëÿþòñÿ ñîãëàñíî (4.7)�(4.11), à ÷èñëî λm äàåòñÿ ôîðìóëîé (4.12). Â ñèëó èíäóê-
öèîííîãî ïðåäïîëîæåíèÿ ôóíêöèè ψi,j , i 6 m, óäîâëåòâîðÿþò ðàâåíñòâàì (4.10). Ñëåäîâàòåëüíî,
óñëîâèåì ðàçðåøèìîñòè óðàâíåíèÿ (4.2) ñ i = m â êëàññå 1-ïåðèîäè÷åñêèõ ïî ξ ôóíêöèé ÿâëÿåòñÿ
óðàâíåíèå (4.3) ñ i = m. Ïîäñòàâèì â ýòî óðàâíåíèå ôîðìóëû (4.7) äëÿ ψi, i 6 m, êîòîðûå âåðíû
â ñèëó èíäóêöèîííîãî ïðåäïîëîæåíèÿ, è ó÷òåì ñîîòíîøåíèÿ (4.10). Òîãäà ïîëó÷èì óðàâíåíèå
(4.11) äëÿ ôóíêöèè um,0. Â ñèëó èíäóêöèîííîãî ïðåäïîëîæåíèÿ ïðàâàÿ ÷àñòü ýòîãî óðàâíåíèÿ
ÿâëÿåòñÿ ýëåìåíòîì ïðîñòðàíñòâà W∞

2 (R). Òàê êàê ôóíêöèè um,j , j > 1, ïðèíàäëåæàò W 2
2 (R),

äëÿ âûïîëíåíèÿ óñëîâèÿ
ψm

(
x,

x

ε

)
∈ L2(R)

äîñòàòî÷íî ïîòðåáîâàòü âûïîëíåíèÿ ïðèíàäëåæíîñòè um,0 ∈ L2(R). Óñëîâèå ðàçðåøèìîñòè óðàâ-
íåíèÿ (4.11) ñ i = m â ïðîñòðàíñòâå L2(R) äàåò ëåììà 4.1. Âûïèñûâàÿ äàííîå óñëîâèå è ó÷èòûâàÿ
îðòîãîíàëüíîñòü ôóíêöèé ui,0, i 6 m− 1, ôóíêöèè ψ0 â L2(R), ïðèõîäèì ê ðàâåíñòâó (4.12) äëÿ
λm. Ôóíêöèþ um,0 ∈ W∞

2 (R) âûáåðåì îðòîãîíàëüíîé ψ0 â L2(R).
Òàêèì îáðàçîì, óñëîâèå ðàçðåøèìîñòè äëÿ óðàâíåíèÿ (4.2) ñ i = m âûïîëíåíî. Ïðàâàÿ

÷àñòü óðàâíåíèÿ (4.2) ñ i = m â ñèëó èíäóêöèîííîãî ïðåäïîëîæåíèÿ è óðàâíåíèÿ (4.11) äëÿ um,0

ñîâïàäàåò ñ ôóíêöèåé Gm+2 èç (4.9). Ïðåäñòàâèì åå â âèäå

Gm+2(x, ξ) = G
(1)
m+2(x, ξ) + G

(2)
m+2(x, ξ), (4.13)

G
(1)
m+2 =

(
∂2

∂x2
− V

)
ψ̃m + 2

∂2

∂x∂ξ
ψ̃m+1 +

m−2∑

j=0

λjψ̃m−j − aum,0,

G
(2)
m+2 = −aψ̃m +

1∫

0

aψ̃m dξ.

Â ñèëó ôîðìóë (4.8) äëÿ ψ̃i, i 6 m + 1, ôóíêöèè G
(i)
m+2, i = 1, 2, èìåþò âèä êîíå÷íûõ ñóìì

G
(i)
m+2(x, ξ) =

∑

j

G
(i,1)
m+2,j(x)G(i,2)

m+2,j(ξ), (4.14)

ãäå Gi,1
m+2,j ∈ W∞

2 (R). Èç ðàâåíñòâ (1.1) è (4.10) äëÿ i 6 m + 1 è îïðåäåëåíèÿ ôóíêöèè G
(1)
m+2

ñëåäóåò, ÷òî
1∫

0

G
(1,2)
m+2,j(ξ) dξ = 0 (4.15)

äëÿ âñåõ j. Àíàëîãè÷íûå ðàâåíñòâà âåðíû è äëÿ ôóíêöèé G
(2,2)
m+2,j , ÷òî ñëåäóåò íåïîñðåäñòâåííî

èç îïðåäåëåíèÿ ôóíêöèè G
(2)
m+2 è ôîðìóëû (4.8) ñ i = m. Ó÷èòûâàÿ óñòàíîâëåííûå ñâîéñòâà

ôóíêöèè Gm+2 è ðåøàÿ óðàâíåíèå (4.2) ñ i = m ñ ïîìîùüþ ëåììû 2.3, ïðèõîäèì ê ïðåäñòàâëåíèþ
(4.7), (4.8) äëÿ ψm+2(x, ξ), ãäå um+2,0 � íåêîòîðàÿ ôóíêöèÿ, um+2,j ∈ W∞

2 (R), j > 1, à ψm+2,j ∈
C2(R) � 1-ïåðèîäè÷åñêèå ôóíêöèè, óäîâëåòâîðÿþùèå ðàâåíñòâàì (4.10). ¤

Äîêàæåì ôîðìóëû (1.8) äëÿ λ3 è λ4. Èñïîëüçóÿ (4.5)�(4.9), íåòðóäíî ïðîâåðèòü, ÷òî

m3 = 1, u3,1 = 2
du2,1

dx
= 2

dψ0

dx
, ψ3,1 = L0

[
dψ2,1

dξ

]
. (4.16)

Èç äàííûõ ôîðìóë è îïðåäåëåíèÿ ôóíêöèè ψ2,1 âûâîäèì
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1∫

0

aψ3,1 dξ =

1∫

0

ψ3,1
d2ψ2,1

dξ2
dξ =

1∫

0

ψ2,1
d2ψ3,1

dξ2
dξ = −

1∫

0

ψ2,1
dψ2,1

dξ
dξ = 0. (4.17)

Ñ ó÷åòîì ïîëó÷åííîãî ðàâåíñòâà è (4.12) çàêëþ÷àåì, ÷òî λ3 = 0. Ñëåäîâàòåëüíî, óðàâíåíèå
(4.11) äëÿ u3,0 ÿâëÿåòñÿ îäíîðîäíûì, à ïîòîìó

u3,0 ≡ 0. (4.18)

Èç (4.6)�(4.9), (4.12) ñëåäóåò, ÷òî

m4 = 2, u4,1 = ψ0, ψ4,1 = L0[λ2 − aψ2,1],

u4,2 = 2
dU3,1

dx
= 4

d2ψ0

dx2
, ψ4,2 = L0

[
dψ3,1

dξ

]
.

(4.19)

Îòñþäà â ñèëó (4.12) è íîðìèðîâêè ôóíêöèè ψ0 âûâîäèì

λ4 =

1∫

0

aψ4,1 dξ + 4
∫

R

ψ0
d2ψ0

dx2
dx

1∫

0

aψ4,2 dξ.

Ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè ïîñëåäíåãî ðàâåíñòâà ñîâïàäàåò ñ µ+
0,2 (ñì. (2.10), (4.5), (4.19)).

Âû÷èñëèì âòîðîå ñëàãàåìîå:

4
∫

R

ψ
d2ψ0

dx2
dx = −4

∫

R

∣∣∣∣
dψ0

dx

∣∣∣∣
2

dx,

1∫

0

aψ4,2 dξ =

1∫

0

ψ4,2
d2ψ2,1

dξ2
dξ = −

1∫

0

ψ2,1
dψ3,1

dξ
dξ =

1∫

0

|ψ2,1|2 dξ,

(4.20)

îòêóäà óæå ñëåäóåò ôîðìóëà (1.8) äëÿ λ4.
Ïóñòü m > 2. Ââåäåì îáîçíà÷åíèå

ψε,m(x) := ψ0(x) +
m∑

i=2

εiψi

(
x,

x

ε

)
,

λε,m := λ0 +
m−2∑

i=2

εiλi.

Èç ëåììû 4.2 âûòåêàåò ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 4.3. Ôóíêöèÿ ψε,m ÿâëÿåòñÿ ýëåìåíòîì ïðîñòðàíñòâà W 2
2 (R)∩C∞(R) è ñõîäèòñÿ

ê ψ0 â W 1
2 (R) ïðè ε → 0. Ôóíêöèÿ fε,m := (Hε − λε,m)ψε,m óäîâëåòâîðÿåò îöåíêå

‖fε,m‖L2(R) = O(εm−1).

Òàê êàê fε,m ∈ L2(R) è ψε,m = (Hε − λε,m)−1fε,m, ê ôóíêöèè ψε,m ïðèìåíèìà ëåììà 3.3 è, â
÷àñòíîñòè, ïðåäñòàâëåíèå (3.10):

ψε,m = − ψ
(n)
ε

λ− λ
(n)
ε

(
fε,m, ψ(n)

ε

)
L2(R)

+ ψ̃ε,m, (4.21)

ãäå ôóíêöèÿ ψ̃ε,m â ñèëó (3.11) è ëåììû 4.3 óäîâëåòâîðÿåò ðàâíîìåðíîé ïî ε îöåíêå
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‖ψ̃ε,m‖W 2
2 (R) 6 C‖fε,m‖L2(R) 6 Cεm−1. (4.22)

Èç ïðåäñòàâëåíèÿ (4.21) âûâîäèì

‖ψε,m − ψ̃ε,m‖L2(R) 6
‖fε,m‖L2(R)

|λ(n)
ε − λε,m|

,

îòêóäà, èç îöåíêè (4.22) è ñõîäèìîñòè ψε,m ê ψ0 â W 1
2 (R) ñëåäóåò, ÷òî

|λ(n)
ε − λε,m| = O(εm−1),

÷òî äîêàçûâàåò àñèìïòîòèêó (1.7) è çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû 1.2.
Óìíîæàÿ (4.21) íà ψ

(n)
ε ñêàëÿðíî â L2(R) è ó÷èòûâàÿ íîðìèðîâêó ψ

(n)
ε , ïîëó÷èì

−
(
fε,m, ψ

(n)
ε

)
L2(R)

λε,m − λ
(n)
ε

=
(
ψε,m − ψ̃ε,m, ψ(n)

ε

)
L2(R)

.

Èç ëåììû 4.2 è (4.22) ñëåäóåò, ÷òî äëÿ ëþáûõ m1, m2 âûïîëíåíî

(
ψε,m1 − ψ̃ε,m1 , ψ

(n)
ε

)
L2(R)

− (
ψε,m2 − ψ̃ε,m2 , ψ

(n)
ε

)
L2(R)

= O(εmin{m1,m2}+1).

Èç ïîñëåäíèõ äâóõ ðàâåíñòâ è ëåìì 3.2, 4.3 âûâîäèì, ÷òî ñóùåñòâóåò ôóíêöèÿ c(ε) òàêàÿ, ÷òî

c(ε) = −
(
fε,m, ψ

(n)
ε

)
L2(R)

λε,m − λ
(n)
ε

+O(εm+1), c(ε) = 1 + o(1), ε → 0, (4.23)

äëÿ âñåõ m. Ðàâåíñòâà (4.21), (4.22), (4.23) ïðèâîäÿò ê ñîîòíîøåíèÿì
‖ψε,m − c(ε)ψ(n)

ε ‖W 2
2 (R) = O(εm−1).

Òàêèì îáðàçîì, äîêàçàíà

Òåîðåìà 4.1. Ñîáñòâåííóþ ôóíêöèþ, ñîîòâåòñòâóþùóþ ñîáñòâåííîìó çíà÷åíèþ λ
(n)
ε ,

n = −K, . . . ,−1 ìîæíî âûáðàòü òàê, ÷òî â íîðìå W 2
2 (R) îíà áóäåò èìåòü àñèìïòîòè÷å-

ñêîå ðàçëîæåíèå (4.1), ãäå êîýôôèöèåíòû ðàçëîæåíèÿ îïðåäåëÿþòñÿ ðàâåíñòâàìè (4.5), (4.6),
(4.16), (4.18), (4.19) è ëåììîé 4.2.

§ 5. Àñèìïòîòèêà ìàëîãî ñîáñòâåííîãî çíà÷åíèÿ
â ïîëóáåñêîíå÷íîé ëàêóíå

Â íàñòîÿùåì ïàðàãðàôå ìû äîêàæåì òåîðåìó 1.3. Ïîñòðîåíèå è îáîñíîâàíèå àñèìïòîòè÷åñêèõ
ðàçëîæåíèé ñîáñòâåííûõ çíà÷åíèé λ

(n)
ε , n = −K, . . . ,−1, è ñîîòâåòñòâóþùèõ ñîáñòâåííûõ ôóíê-

öèé â óñëîâèÿõ òåîðåìû 1.3 ïîëíîñòüþ ñîâïàäàåò ñ ðàññóæäåíèÿìè §4. Ïîýòîìó â äàííîì ïàðà-
ãðàôå ìû èññëåäóåì òîëüêî ñîáñòâåííîå çíà÷åíèå îïåðàòîðà Hε, ñõîäÿùååñÿ ê íóëþ ïðè ε → 0.
Ïîìèìî äîêàçàòåëüñòâà óòâåðæäåíèÿ òåîðåìû 1.3 î äàííîì ñîáñòâåííîì çíà÷åíèè, áóäóò òàêæå
ïîëó÷åíû àñèìïòîòè÷åñêèå ðàçëîæåíèÿ ñîîòâåòñòâóþùåé ñîáñòâåííîé ôóíêöèè.

Âñþäó â ýòîì ïàðàãðàôå ïðåäïîëàãàåòñÿ, ÷òî çàäà÷à (1.6) èìååò íåòðèâèàëüíîå ðåøåíèå,
óäîâëåòâîðÿþùåå óñëîâèþ (1.12).

Ñîãëàñíî ëåììå 3.10 â óñëîâèÿõ òåîðåìû 1.3 îïåðàòîð Hε èìååò ñîáñòâåííîå çíà÷åíèå, ñõî-
äÿùååñÿ ê íóëþ, òîãäà è òîëüêî òîãäà, êîãäà äëÿ êîðíÿ óðàâíåíèÿ (3.32) âûïîëíåíî Re kε > 0.
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Ìû ïîñòðîèì àñèìïòîòè÷åñêîå ðàçëîæåíèå ÷èñëà λε = µ+
0 (ε2) − k2

ε è ñîîòâåòñòâóþùåãî íåòðè-
âèàëüíîãî ðåøåíèÿ çàäà÷è (3.18), (3.19) ñ f = 0, k = kε, êîòîðîå îáîçíà÷èì ÷åðåç ψε. Çàòåì íà
îñíîâå äàííûõ àñèìïòîòè÷åñêèõ ðàçëîæåíèé ïîêàæåì, ÷òî Re kε > 0, λε � èñêîìîå ñîáñòâåííîå
çíà÷åíèå îïåðàòîðà Hε, à ψε � ñîîòâåòñòâóþùàÿ ñîáñòâåííàÿ ôóíêöèÿ. Êàê è â ïðåäûäóùåì
ïàðàãðàôå, âíà÷àëå ìû ïîñòðîèì ôîðìàëüíûå àñèìïòîòè÷åñêèå ðàçëîæåíèÿ, à çàòåì äàäèì èõ
ñòðîãîå îáîñíîâàíèå.

Àñèìïòîòèêó λε áóäåì ñòðîèòü â âèäå ðÿäà (1.10). Àñèìïòîòèêó ñîîòâåòñòâóþùåãî ðåøåíèÿ
ψε çàäà÷è (3.18), (3.19) ñ f = 0 áóäåì ñòðîèòü íà îñíîâå ìåòîäà äâóõìàñøòàáíûõ àñèìïòîòè÷åñêèõ
ðàçëîæåíèé â âèäå

ψε(x) = h(x, ε)
(

ψ
(0)
0 (x) +

∞∑

i=2

εiψ
(0)
i (x, ξ)

)
, (5.1)

ãäå
h(x, τε) = χ(x) + (1− χ(x)) e−τε|x|, (5.2)

χ ∈ C∞(R) � ÷åòíàÿ âåùåñòâåííàÿ ñðåçàþùàÿ ôóíêöèÿ, ïðèíèìàþùàÿ çíà÷åíèÿ èç îòðåçêà
[0, 1], ðàâíàÿ åäèíèöå â íåêîòîðîé ôèêñèðîâàííîé îêðåñòíîñòè íîñèòåëÿ ôóíêöèè V è íóëþ ïðè
|x| > x0. Ñèìâîëîì τε â (5.2) îáîçíà÷åíà íåêîòîðàÿ ôóíêöèÿ îò ε, àñèìïòîòèêà êîòîðîé ñòðîèòñÿ
ñëåäóþùèì îáðàçîì:

τε =
∞∑

i=4

εiτi. (5.3)

Öåëüþ ôîðìàëüíîãî ïîñòðîåíèÿ ÿâëÿåòñÿ îïðåäåëåíèå âèäà ôóíêöèé ψ
(0)
i è ÷èñåë λ

(0)
i , τi. Âñþäó

â ïîñòðîåíèè ìû îïóñêàåì âåðõíèé èíäåêñ (0) â îáîçíà÷åíèÿõ ψ
(0)
i è λ

(0)
i .

×åðåç V îáîçíà÷èì ïîäìíîæåñòâî ôóíêöèé u = u(x) èç C(R), óäîâëåòâîðÿþùèõ óñëîâèþ
u(x) = u(±x0), ±x > x0. Ôóíêöèè ψ̃i(x, ξ) áóäåì èñêàòü 1-ïåðèîäè÷åñêèìè ïî ξ è ïðèíàäëåæà-
ùèìè ìíîæåñòâó V êàê ôóíêöèè ïåðåìåííîé x.

Ïîÿñíèì âûáîð àíçàöà (5.1). Ôóíêöèÿ ψε óäîâëåòâîðÿåò ðàâåíñòâàì (3.19) ñ k = kε. Ïîýòîìó
àñèìïòîòè÷åñêîå ðàçëîæåíèå (5.1) âûáèðàëîñü òàê, ÷òîáû îíî èìåëî òàêóþ æå ñòðóêòóðó ïðè
±x > x0, ÷òî è ôóíêöèè Θ± èç (3.19). Ôóíêöèÿ h(x, ε) â (5.1) ìîäåëèðóåò ýêñïîíåíòû, ïðè-
ñóòñòâóþùèå â êà÷åñòâå ìíîæèòåëÿ â ôóíêöèÿõ Θ±

(
x
ε , ε, kε

)
(ñì. (3.14)). Ïîä÷åðêíåì òàêæå,

÷òî ôóíêöèÿ h ïîëîæèòåëüíà. Òðåáîâàíèå 1-ïåðèîäè÷íîñòè ôóíêöèé ψi ïî ξ ñîîòâåòñòâóåò 1-
ïåðèîäè÷íîñòè ôóíêöèè Θ±per. Ýòèì æå îáúÿñíÿåòñÿ è óñëîâèå ψi(·, ξ) ∈ V. Àïðèîðíûé âûáîð
íèæíèõ ïðåäåëîâ ñóììèðîâàíèÿ â ðÿäàõ (1.10), (5.1), (5.3) ñâÿçàí ñ òåì, ÷òî â õîäå ïîñòðîåíèÿ
àñèìïòîòèê, ïðèâåäåííîãî íèæå, êîýôôèöèåíòû ïðè îòñóòñòâóþùèõ ñòåïåíÿõ ε îêàçûâàþòñÿ
íóëåâûìè. Ïî ýòîé ïðè÷èíå ìû íå ââîäèì èõ, ÷òî òàêæå óïðîùàåò âèä óðàâíåíèé, âîçíèêàþùèõ
ïðè îïðåäåëåíèè îñòàëüíûõ êîýôôèöèåíòîâ ðÿäîâ (1.10), (5.1), (5.3).

Ïîäñòàâèì ðÿäû (1.10), (5.1), (5.3) â óðàâíåíèå (3.18) ñ f = 0, ïîäåëèì ýòî óðàâíåíèå íà
h(x, τε), ðàçëîæèì â ðÿä ïî ñòåïåíÿì ε è ñîáåðåì êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ ε. Â
ðåçóëüòàòå ïîëó÷èì ñëåäóþùèå óðàâíåíèÿ:

− ∂2

∂ξ2
ψi+2 =2

∂2

∂x∂ξ
ψi+1 +

(
∂2

∂x2
− V − a

)
ψi + 2

i−1∑

j=4

h
(1)
j

∂

∂ξ
ψi−j+1

+
i∑

j=2

(
2h

(1)
j

∂

∂x
+ h

(2)
j + λj

)
ψi−j , (x, ξ) ∈ R2, i > 0, (5.4)

ãäå V = V (x), a = a(ξ), ψ1 := 0, h
(1)
i = h

(2)
i := 0, i = 2, 3. Ôóíêöèè h

(1)
i = h

(1)
i (x, τ i) è h

(2)
i =

h
(2)
i (x, τ i), i > 4, τ i := (τ4, . . . , τi), ÿâëÿþòñÿ êîýôôèöèåíòàìè ðàçëîæåíèÿ â àñèìïòîòè÷åñêèé

ðÿä ïî ñòåïåíÿì ε ôóíêöèé h′(x, τε)/h(x, τε) è h′′(x, τε)/h(x, τε) ñîîòâåòñòâåííî. Ôóíêöèè h
(j)
i ∈

C∞(R) ïðåäñòàâèìû â âèäå

h
(j)
i (x, τ i) = −τi

dj

dxj
(|x|(1− χ(x))) + h̃

(j)
i (x, τ i−1), j = 1, 2, (5.5)
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ãäå h̃
(j)
i ∈ C∞(R) ∩ V è, â ÷àñòíîñòè,

h̃
(1)
4 (x) = h̃

(2)
4 (x) = 0.

Îòìåòèì òàêæå, ÷òî ïðè ±x > x0 èìåþò ìåñòî ðàâåíñòâà

h
(1)
i (x, τ i) = ∓τi,

h
(2)
i (x, τ i) =

i−4∑

j=4

τjτi−j .
(5.6)

Äàííûå ðàâåíñòâà âûòåêàþò èç (5.3) è ñëåäóþùèõ ñîîòíîøåíèé:

h′(x, τε)
h(x, τε)

= ∓τε,
h′′(x, τε)
h(x, τε)

= τ2
ε , ±x > x0. (5.7)

Ñîãëàñíî ëåììå 2.3 óñëîâèåì ðàçðåøèìîñòè óðàâíåíèé (5.4) â êëàññå 1-ïåðèîäè÷åñêèõ ïî ξ
ôóíêöèé ÿâëÿåòñÿ ðàâåíñòâî

(
− d2

dx2
+ V

) 1∫

0

ψi dξ

= −
1∫

0

aψi dξ +
i∑

j=2

(
2h

(1)
j

d

dx
+ h

(2)
j + λj

) 1∫

0

ψi−j dξ, x ∈ R, i > 0, (5.8)

ãäå a = a(ξ). Ïðè âûâîäå äàííîãî óðàâíåíèÿ ìû ó÷ëè, ÷òî ôóíêöèè ψj , j 6 i+1, ïðåäïîëàãàþòñÿ
1-ïåðèîäè÷åñêèìè ïî ξ. Äëÿ i = 0, 1 óðàâíåíèå (5.8) âûïîëíåíî â ñèëó (1.1), (1.6) è ðàâåíñòâà ψ1 =
0. Ñëåäîâàòåëüíî, óðàâíåíèå (5.4) ñ i = 0, 1 ðàçðåøèìî. Ëåãêî óáåäèòüñÿ, ÷òî 1-ïåðèîäè÷åñêèå
ïî ξ ðåøåíèÿ óðàâíåíèÿ (5.4) ñ i = 0, 1 èìåþò âèä

ψi(x, ξ) = ui,0(x) + ψ̃i(x, ξ), ψ̃i(x, ξ) = ui,1(x)ψi,1(ξ), i = 2, 3,

ψ2,1(ξ) = −L0[a](ξ), ψ3,1(ξ) = −L0

[
dψ2,1

dξ

]
(ξ),

u2,1(x) = ψ0(x), u3,1 = 2
d

dx
ψ0(x),

(5.9)

ãäå u2,0, u3,0 � íåêîòîðûå ôóíêöèè. ßñíî, ÷òî ψ2,1, ψ3,1 ∈ C2(R), u2,1, u3,1 ∈ C∞(R) ∩ V.
Óðàâíåíèÿ (5.4), (5.8) ðàçðåøèìû è ïðè i > 2. Äëÿ äîêàçàòåëüñòâà ýòîãî ôàêòà íàì ïîíàäî-

áèòñÿ ñëåäóþùåå âñïîìîãàòåëüíîå óòâåðæäåíèå.

Ëåììà 5.1. Óðàâíåíèå (
− d2

dx2
+ V

)
u = f, x ∈ R, (5.10)

ãäå f ∈ C(R), èìååò ðåøåíèå u ∈ C2(R) ∩ V, òîãäà è òîëüêî òîãäà, êîãäà supp f ⊆ [−x0, x0] è
âûïîëíåíî ðàâåíñòâî ∫

R

fψ0 dx = 0.

Â ýòîì ñëó÷àå ðåøåíèå óðàâíåíèÿ (5.10) åäèíñòâåííî ñ òî÷íîñòüþ äî ñëàãàåìîãî Cψ0, C =
const. Ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ (5.10), óäîâëåòâîðÿþùåå ðàâåíñòâó

β−u(x0) + β+u(−x0) = 0. (5.11)

Äàííîå ðåøåíèå èìååò âèä u(x) = S[f ](x),
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S[f ](x) = ψ0(x)

x∫

−∞
f(t)ψ̃0(t) dt + ψ̃0(x)

+∞∫

x

f(t)ψ0(t) dt− ψ0(x)
2

∫

R

f(t)ψ̃0(t) dt,

ãäå ψ̃0 � ðåøåíèå óðàâíåíèÿ èç (1.6) òàêîå, ÷òî Wx(ψ0, ψ̃0) ≡ 1. Åñëè f ∈ C∞0 (R), òî u ∈ C∞(R).

Óòâåðæäåíèå äàííîé ëåììû ïðîâåðÿåòñÿ íåïîñðåäñòâåííûìè âû÷èñëåíèÿìè.

Ëåììà 5.2. Ñóùåñòâóþò ðåøåíèÿ óðàâíåíèé (5.4), (5.8) âèäà
ψi(x, ξ) = ui,0(x) + ψ̃i(x, ξ), (5.12)

ψ̃i(x, ξ) = L0[Gi(x, ·)](x, ξ) =
mi∑

j=1

ui,j(x)ψi,j(ξ), (5.13)

ui,0(x) = S[fi](x), (5.14)

fi =
i∑

j=2

(
2h

(1)
j

d

dx
+ h

(2)
j + λj

)
ui−j,0 −

1∫

0

aψ̃i dξ, (5.15)

Gi = 2
∂2

∂x∂ξ
ψ̃i−1 +

(
∂2

∂x2
− V − a

)
ψ̃i−2 +

1∫

0

aψ̃i−2 dξ

+ 2
i−3∑

j=4

h
(1)
j

∂

∂ξ
ψ̃i−j−1 +

i−4∑

j=2

(
2h

(1)
j

∂

∂x
+ h

(2)
j + λj

)
ψ̃i−j−2 − aui−2,0, (5.16)

ãäå mi � íåêîòîðûå ÷èñëà, Gi = Gi(x, ξ), fi = fi(x), a = a(ξ), V = V (x), ψ̃1 := 0, u0,0 := ψ0,
u1,0 := 0, ui,j ∈ C∞(R)∩V, supp fi ⊆ [−x0, x0], à ôóíêöèè ψi,j � 1-ïåðèîäè÷íû è óäîâëåòâîðÿþò
ðàâåíñòâàì

1∫

0

ψi,j(ξ) dξ = 0. (5.17)

×èñëà λi è τi äàþòñÿ ôîðìóëàìè

λi = −
i−4∑

j=4

τjτi−j + ai,+, τi =
∫

R

ψ0f̃i dx, (5.18)

ãäå

f̃i :=
i−2∑

j=2

(
2h

(1)
j

d

dx
+ h

(2)
j + λj

)
ui−j,0 +

(
2h̃

(1)
i

d

dx
+ h̃

(2)
i + λi

)
ψ0 −

1∫

0

aψ̃i dξ, (5.19)

ai,+ îïðåäåëåíî â (5.21), f̃i = f̃i(x), supp f̃i ⊆ [−x0, x0].

Äîêàçàòåëüñòâî. Óòâåðæäåíèå ëåììû äëÿ ψ2, ψ3 ñëåäóåò èç (5.9). Ôîðìóëû (5.18) ñïðà-
âåäëèâû äëÿ λ1 è τ1, åñëè ïîëîæèòü λ1 = τ1 := 0. Îòìåòèì òàêæå, ÷òî óðàâíåíèÿ (5.4), (5.8)
âûïîëíåíû äëÿ i = 0, 1. Äàëüíåéøåå äîêàçàòåëüñòâî ïðîâåäåì ïî èíäóêöèè. Ïóñòü ðàâåíñòâà
(5.12), (5.13), (5.17) âûïîëíåíû äëÿ i 6 m + 1, à ôîðìóëû (5.14), (5.18) âåðíû äëÿ i 6 m − 1.
Äîêàæåì, ÷òî â ýòîì ñëó÷àå âåðíî óòâåðæäåíèå ëåììû î ψm+2, um,0, λm, τm.

Ñîãëàñíî èíäóêöèîííîìó ïðåäïîëîæåíèþ ôóíêöèè ψi,j , i 6 m+1, óäîâëåòâîðÿþò ðàâåíñòâàì
(5.17). Ó÷èòûâàÿ äàííûå ðàâåíñòâà è (1.1), ïîäñòàâèì ïðåäñòàâëåíèÿ (5.12) â óðàâíåíèå (5.8) ñ
i = m. Ïîëó÷èì ñëåäóþùåå óðàâíåíèå äëÿ um,0:

(
− d2

dx2
+ V

)
um,0 = fm, x ∈ R, (5.20)
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ãäå fm äàåòñÿ ôîðìóëîé (5.15). Â ñèëó èíäóêöèîííîãî ïðåäïîëîæåíèÿ ui,0 ∈ C∞(R)∩V, i 6 m−1,
è um,j ∈ C∞(R) ∩ V, j > 1, à ïîòîìó fm ∈ C∞(R) ∩ V. Äîêàæåì, ÷òî supp fm ⊆ [−x0, x0]. Ââåäåì
îáîçíà÷åíèÿ:

fm,± :=
fm(x0)
2β+

± fm(−x0)
2β−

,

ui :=
ui,0(x0)

2β+
− ui,0(−x0)

2β−
,

ψ̂i,±(ξ) :=
ψ̃i(x0, ξ)

2β+
± ψ̃i(−x0, ξ)

2β−
,

ai,± :=

1∫

0

a(ξ)ψ̂i,±(ξ) dξ.

(5.21)

ßñíî, ÷òî âëîæåíèå supp fm ⊆ [−x0, x0] ýêâèâàëåíòíî ðàâåíñòâàì fm,± = 0. Âû÷èñëèì ÷èñëà
fm,±. Èç ôîðìóëû (5.15) äëÿ fm, ðàâåíñòâ (5.6) è óñëîâèÿ (5.11) äëÿ ui,0, 1 6 i 6 m− 1, âûâîäèì

fm,+ = −am,+ + lm, fm,− = −am,− +
m−2∑

j=2

lm−juj ,

li := λi +
i−4∑

j=4

τjτi−j .

(5.22)

Ðàâåíñòâî fm,+ = 0 ÿâëÿåòñÿ ñëåäñòâèåì ôîðìóëû (5.18) äëÿ λm.
Äîêàæåì, ÷òî fm,− = 0. Èç (5.9) è ðàâåíñòâà ψ̃1 = 0 âûâîäèì

ψ̂1,± = 0, ψ̂2,+ = ψ2,1, ψ̂2,− = 0, ψ̂3,± = 0. (5.23)

Îòñþäà è èç èíäóêöèîííîãî ïðåäïîëîæåíèÿ ñëåäóåò, ÷òî ôóíêöèè ψ̂i+2,±, i 6 m − 1, ÿâëÿþòñÿ
1-ïåðèîäè÷åñêèìè ðåøåíèÿìè óðàâíåíèé

d2

dξ2
ψ̂2,+ = a,

d2

dξ2
ψ̂i+2,+ = aψ̂i,+ − ai,+ + 2

i−1∑

j=4

τj
d

dξ
ψ̂i−j+1,− −

i−2∑

j=2

ljψ̂i−j,+,

d2

dξ2
ψ̂i+2,− = aψ̂i,− − ai,− + 2

i−1∑

j=4

τj
d

dξ
ψ̂i−j+1,+ −

i−2∑

j=2

ljψ̂i−j,− + aui, ξ ∈ R,

(5.24)

ãäå i > 1. Â ñèëó ðàâåíñòâ (5.18) äëÿ λi, i 6 m− 1, èìååì
li = ai,+, i 6 m− 1.

Ó÷èòûâàÿ äàííûå ðàâåíñòâà è (5.17), óìíîæèì óðàâíåíèå äëÿ ψ̂i+2,+ èç (5.24) íà ψ̂m−i,+ ñêà-
ëÿðíî â L2(0, 1) è ïðîñóììèðóåì ïî i = 2, . . . , m− 2. Ïîëó÷èì

m−2∑

i=2

lm−iui =
m−2∑

i=2

(
ψ̂m−i,+,

d2

dξ2
ψ̂i+2,−

)
−

m−2∑

i=2

(
ψ̂m−i,+, aψ̂i,−

)

− 2
m−2∑

i=2

i−1∑

j=4

τj

(
ψ̂m−i,+,

d

dξ
ψ̂i−j+1,+

)
+

m−2∑

i=2

i−2∑

j=2

lj

(
ψ̂m−i,+, ψ̂i−j,−

)
. (5.25)
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Çäåñü è äî êîíöà äîêàçàòåëüñòâà âûðàæåíèå (·, ·) îçíà÷àåò ñêàëÿðíîå ïðîèçâåäåíèå â L2(0, 1).
Òðåòüå ñëàãàåìîå â ïðàâîé ÷àñòè äàííîãî ðàâåíñòâà ðàâíî íóëþ, ÷òî ñëåäóåò èç ñîîòíîøåíèé

2
m−2∑

i=2

i−1∑

j=4

τj

(
ψ̂m−i,+,

d

dξ
ψ̂i−j+1,+

)

=
m−3∑

j=4

τj

m−2∑

i=j+1

2
(
ψ̂m−i,+,

d

dξ
ψ̂i−j+1,+

)

=
m−3∑

j=4

τj




m−2∑

i=j+1

(
ψ̂m−i,+,

d

dξ
ψ̂i−j+1,+

)
+

m−2∑

ei=j+1

(
ψ̂ei−j+1,+,

d

dξ
ψ̂m−ei,+

)

 = 0, (5.26)

ãäå ĩ = m− i+j−1. Èç ïîëó÷åííûõ ðàâåíñòâ ñëåäóåò, ÷òî òðåòüå ñëàãàåìîå â ïðàâîé ÷àñòè (5.25)
ðàâíî íóëþ. Äåëàÿ çàìåíû èíäåêñîâ i 7→ m − i + 2, i 7→ m − i â ïåðâîì è âòîðîì ñëàãàåìûõ â
ïðàâîé ÷àñòè (5.25), èíòåãðèðóÿ çàòåì ïî ÷àñòÿì â ïåðâîì ñëàãàåìîì è èñïîëüçóÿ (5.17), (5.23)
è (5.24), âûâîäèì

m−2∑

i=2

lm−iui =
m−4∑

i=0

(
ψ̂m−i,−,

d2

dξ2
ψ̂i+2,+

)
−

m−2∑

i=2

(
ψ̂i,+, aψ̂m−i,−

)

+
m−2∑

i=2

i−2∑

j=2

lj

(
ψ̂m−i,+, ψ̂i−j,−

)
= am,− + 2

m−4∑

i=1

i−1∑

j=4

τj

(
ψ̂m−i,−,

d

dξ
ψ̂i−j+1,−

)

−
m−4∑

i=1

i−2∑

j=2

lj

(
ψ̂m−i,−, ψ̂i−j,+

)
+

m−2∑

i=2

i−2∑

j=2

lj

(
ψ̂m−i,+, ψ̂i−j,−

)
.

Àíàëîãè÷íî (5.26) íåòðóäíî ïîêàçàòü, ÷òî âòîðîå ñëàãàåìîå â ïðàâîé ÷àñòè ïîñëåäíåãî ðàâåíñòâà
ðàâíî íóëþ. Ó÷èòûâàÿ (5.23) è ïðèìåíÿÿ ê ïîñëåäíåìó ñëàãàåìîìó ëåììó 2.6 ñ p = m, s = 2,
A0 = A1 = 0, Aj = lj , j > 2, Bi,j =

(
ψ̂i,+, ψ̂j,−

)
, ïðèõîäèì ê ðàâåíñòâó

m−2∑

i=2

lm−iui = am,−,

îòêóäà â ñèëó (5.22) ñëåäóåò fm,− = 0. Âëîæåíèå supp fm ⊆ [−x0, x0] äîêàçàíî.
Â ñèëó (5.5), (5.15) ôóíêöèÿ fm ïðåäñòàâèìà â âèäå

fm(x) = −τm

(
ψ0(x)

d2

dx2
+ 2

dψ0(x)
dx

d

dx

)
(|x|(1− χ(x))) + f̃m(x),

ãäå f̃m îïðåäåëÿåòñÿ ðàâåíñòâîì (5.19). Ôóíêöèÿ f̃m ôèíèòíà, òàê êàê ôóíêöèè fm è(
ψ0(x) d2

dx2 + 2dψ0(x)
dx

d
dx

)
(|x|(1− χ(x))) ôèíèòíû.

Â ñèëó ëåììû 5.1 óðàâíåíèå (5.20) ðàçðåøèìî â ïðîñòðàíñòâå V, åñëè âûïîëíåíî óñëîâèå
ðàçðåøèìîñòè

0 =
∫

R

ψ0(x)fm(x) dx =− τm

∫

R

d

dx

(
ψ2

0(x)
d

dx
(|x|(1− χ(x)))

)
dx

+
∫

R

ψ0(x)f̃m(x) dx = −τm +
∫

R

ψ0(x)f̃m(x) dx,

îòêóäà ñëåäóåò ðàâåíñòâî (5.18) äëÿ τm. Ñîãëàñíî ëåììå 5.1 ðåøåíèå um,0 óðàâíåíèÿ (5.20) äàåòñÿ
ôîðìóëîé (5.14).

Ïîäñòàâëÿÿ ïðåäñòàâëåíèÿ (5.12) ñ i 6 m + 1 â óðàâíåíèå (5.4) ñ i = m è ó÷èòûâàÿ (5.20),
ïîëó÷àåì

− ∂2

∂ξ2
ψm+2 = Gm+2, (x, ξ) ∈ R2, (5.27)
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ãäå Gm+2 îïðåäåëÿåòñÿ ôîðìóëîé (5.16). Èñïîëüçóÿ (5.13), (5.17) ñ i 6 m+1, àíàëîãè÷íî (4.13)�
(4.15) íåòðóäíî ïîêàçàòü, ÷òî ôóíêöèÿ Gm+2 èìååò âèä êîíå÷íîé ñóììû

Gm+2(x, ξ) =
∑

p

G
(1)
m+2,p(x)G(2)

m+2,p(ξ),

ãäå G
(1)
m+2,p ∈ C∞(R)∩V, G

(2)
m+2,p ∈ C2(R) � 1-ïåðèîäè÷åñêèå ôóíêöèè, óäîâëåòâîðÿþùèå ðàâåí-

ñòâàì

1∫

0

G
(2)
m+2,p(ξ) dξ = 0.

Ïîäñòàâëÿÿ ïîëó÷åííîå ïðåäñòàâëåíèå äëÿ Gm+2 â óðàâíåíèå (5.27) è ðåøàÿ çàòåì ýòî óðàâíåíèå
ñ ïîìîùüþ ëåììû 2.3, ïðèõîäèì ê ôîðìóëàì (5.12), (5.13) äëÿ ψm+2, ãäå um+2,0 � íåêîòîðàÿ
ôóíêöèÿ, um+2,j ∈ C∞(R) ∩ V, j > 1, à ψm+2,j ∈ C2(R) � 1-ïåðèîäè÷åñêèå ôóíêöèè, óäîâëåòâî-
ðÿþùèå ðàâåíñòâàì (5.17). ¤

Äîêàæåì ôîðìóëû (1.11). Èç (2.10), (5.9), (5.21), (5.23) ñëåäóåò, ÷òî

ψ2,1 = ζ+
0,1, a2,+ =

1∫

0

aζ+
0,1 dξ = µ+

0,1, a3,+ = 0, (5.28)

îòêóäà è èç (5.18) âûâîäèì ôîðìóëû (1.11) äëÿ λ2, λ3. Èñïîëüçóÿ îïðåäåëåíèå (5.15) ôóíêöèé fi,
ôîðìóëû (5.9) è ðàâåíñòâî λ2 = 0, íåòðóäíî ïðîâåðèòü, ÷òî f2 = 0, îòêóäà è èç (5.14) âûòåêàåò
òîæäåñòâî

u2,0(x) ≡ 0. (5.29)

Èç (5.9), (5.15) è ôîðìóë (1.11) äëÿ λ2 è λ3 ñëåäóåò, ÷òî

f3 = −2
dψ0

dx

1∫

0

aψ3,1 dξ.

Ôóíêöèè ψ2,1, ψ3,1, îïðåäåëåííûå â (5.9), ñîâïàäàþò ñ ôóíêöèÿìè ψ2,1, ψ3,1 èç (4.5), (4.16), à
ïîòîìó â ñèëó (4.17) f3 = 0. Èç (5.14) ñëåäóåò, ÷òî

u3,0 ≡ 0. (5.30)

Èç äàííîãî ðàâåíñòâà, (5.9), (5.16), (5.28), (5.29) è ôîðìóë (1.11) äëÿ λ2, λ3 âûâîäèì

G4(x, ξ) = 4
d2

dx2
ψ0(x)

d

dξ
ψ3,1(ξ) + (−a(ξ)ζ+

0,2(ξ) + µ+
0,1)ψ0(x),

îòêóäà â ñèëó (5.13) è (2.10) ñëåäóåò, ÷òî

m4 = 2, u4,1 = ψ0, ψ4,1 = ζ+
0,2, u4,2 = 4

d2ψ0

dx2
, ψ4,2 = L0

[
dψ3,1

dξ

]
. (5.31)

Òàêèì îáðàçîì,
ψ̂4,+ = ζ+

0,2, ψ̂4,− = 0, a4,+ = µ+
0,2, (5.32)

è âåðíà ôîðìóëà (1.11) äëÿ λ4. Ôîðìóëû (1.11) äëÿ λ2, λ4, (5.18), (5.19) è ðàâåíñòâà (2.10), (5.9),
(5.29), (5.31) ïîçâîëÿþò îïðåäåëèòü τ4:

τ4 = −4
∫

R

ψ0
d2ψ0

dx2
dx

1∫

0

aψ4,2 dξ.

Òàê êàê ôóíêöèÿ ψ4,2 èç (5.31) ñîâïàäàåò ñ ôóíêöèåé ψ4,2 èç (4.19), â ñèëó (4.20) âûâîäèì
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τ4 = 4
∫

R

∣∣∣dψ0

dx

∣∣∣
2

dx

1∫

0

|ζ+
0,1|2 dξ. (5.33)

Èç (5.23), (5.28) ñëåäóåò, ÷òî ïðàâàÿ ÷àñòü óðàâíåíèÿ (5.24) äëÿ ψ̂5,+ ðàâíà íóëþ, à ïîòîìó
ψ̂5,+ = 0, ÷òî â ñèëó (5.21) äàåò a5,+ = 0. Àíàëîãè÷íî ñ ó÷åòîì ðàâåíñòâ li = ai,+, óñòàíîâëåííûõ
â äîêàçàòåëüñòâå ëåììû 5.2, ïðîâåðÿåòñÿ, ÷òî a7,+ = 0. Èç ðàâåíñòâ li = ai,+ è (2.10), (5.23),
(5.28), (5.32) ñëåäóåò, ÷òî óðàâíåíèå (5.24) äëÿ ψ̂6,+ ñîâïàäàåò ñ óðàâíåíèåì (2.9) äëÿ ζ+

0,3, à
ïîòîìó ψ̂6,+ = ζ+

0,3, îòêóäà â ñèëó (2.10) âûâîäèì: a6,+ = µ+
0,3. Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî

a8,+ = µ+
0,4. Èç (5.18), (5.33) âûòåêàþò ôîðìóëû (1.11) äëÿ λ6, λ7, λ8.

Ïóñòü m > 8. Îáîçíà÷èì

τε,m :=
m∑

i=4

εiτi,

λε,m :=
m∑

i=2

εiλi,

ψε,m(x) := h(x, τε,m)
(

ψ0(x) +
m∑

i=2

εiψi

(
x,

x

ε

))
.

Èç óðàâíåíèé (5.4), ðàâåíñòâ (5.9), (5.33) è ëåììû 5.2 âûòåêàåò ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 5.3. Ôóíêöèÿ ψε,m ∈ C2(R) ïðè ε → 0 ñõîäèòñÿ ê ψ0 â íîðìå W 1
2 (Q) äëÿ ëþáîãî

Q ∈ C. Ôóíêöèè ψε,m è λε,m óäîâëåòâîðÿþò óðàâíåíèþ

(
− d2

dx2
+ V (x) + a

(x

ε

)
− λε,m

)
ψε,m = h(x, τε,m)fε,m(x), x ∈ R, (5.34)

ãäå äëÿ ôóíêöèè fε,m ∈ C(R) ñïðàâåäëèâà îöåíêà

max
R
|fε,m(x)| = O(εm−1). (5.35)

Ïîëîæèì
kε,m :=

√
µ+

0 (ε2)− λε,m.

Â ñèëó (1.2), (1.11) âåðíî íåðàâåíñòâî

µ+
0 (ε2) > λε,m.

Ïîýòîìó áóäåì ñ÷èòàòü, ÷òî kε,m > 0. Èç (1.2), (1.11) ñëåäóåò, ÷òî

kε,m = ε4τ4 +O(ε5), (5.36)

ãäå τ4 > 0 (ñì. (5.33)). Ïóñòü
τm(ε) := ε−1 lnκ(ε, kε,m),

ãäå κ òàêîå æå, êàê â (3.12). Òîãäà èç (3.13) è (5.36) âûòåêàåò

τm(ε) = ε4τ4 +O(ε5). (5.37)

Ëåììà 5.4. Äëÿ ëþáîãî m èìååò ìåñòî ðàâåíñòâî
τm(ε) = τε,m +O(εm−5).
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Äîêàçàòåëüñòâî. Èç (5.2), (5.9) è ëåììû 5.2 ñëåäóåò, ÷òî ïðè x > x0 ôóíêöèþ ψε,m(x)
ìîæíî ïðåäñòàâèòü â âèäå

ψε,m(x) = e−τε,mxψper
ε,m

(x

ε

)
, (5.38)

ãäå
ψper

ε,m(ξ) = β+ + ε2ψ̃per
ε,m(ξ),

1-ïåðèîäè÷åñêàÿ ôóíêöèÿ ψ̃per
ε,m îãðàíè÷åíà ðàâíîìåðíî ïî ε â íîðìå ïðîñòðàíñòâà C[0, 1]. Èñ-

ïîëüçóÿ äàííîå ïðåäñòàâëåíèå, îïðåäåëåíèå ôóíêöèè Θ+, ðàâåíñòâî (3.14) è óðàâíåíèå (5.34),
íåòðóäíî ïðîâåðèòü, ÷òî ôóíêöèÿ

U(x, ε) := Wx

(
Θ+

per

(x

ε

)
, ψper

ε,m

(x

ε

))
+ (τm(ε)− τε,m) Θ+

per

(x

ε

)
ψper

ε,m

(x

ε

)
, (5.39)

ãäå
Θ+

per(ξ) := Θ+
per(ξ, ε, kε,m),

óäîâëåòâîðÿåò óðàâíåíèþ
d

dx
U(x, ε)− (τε,m + τm(ε))U(x, ε) = −Θ+

per

(x

ε

)
fε,m(x), x > x0. (5.40)

Ïðîèíòåãðèðóåì äàííîå óðàâíåíèå ïî x îò x0 äî (x0 + ε) è ó÷òåì ε-ïåðèîäè÷íîñòü ôóíêöèé
ψper

ε,m

(x

ε

)
è Θ+

per

(x

ε

)
. Â ðåçóëüòàòå ïðèõîäèì ê ðàâåíñòâó

(
τ2
ε,m − τ2

m(ε)
) x0+ε∫

x0

Θ+
per

(x

ε

)
ψper

ε,m

(x

ε

)
dx =

x0+ε∫

x0

Θ+
per

(x

ε

)
fε,m(x) dx. (5.41)

Èç (3.17) è (5.38) âûòåêàåò, ÷òî èíòåãðàë â ëåâîé ÷àñòè ïîñëåäíåãî ðàâåíñòâà óäîâëåòâîðÿåò
ñîîòíîøåíèþ

x0+ε∫

x0

Θ+
per

(x

ε

)
ψper

ε,m

(x

ε

)
dx = εβ+ +O(ε3),

îòêóäà è èç (5.35), (5.41) âûâîäèì

τ2
ε,m − τ2

m(ε) = O(εm−1). (5.42)

Óòâåðæäåíèå ëåììû âûòåêàåò èç ïîëó÷åííîãî ðàâåíñòâà è (5.36), (5.37). ¤

Äàëåå íàì ïîíàäîáèòñÿ ñëåäóþùåå âñïîìîãàòåëüíîå óòâåðæäåíèå.

Ëåììà 5.5. Ñóùåñòâóåò ôóíêöèÿ Rε,m(x) ∈ C2(R) òàêàÿ, ÷òî ôóíêöèÿ

ψ̂ε,m := ψε,m(x)−Rε,m(x)

óäîâëåòâîðÿåò óðàâíåíèþ (3.18) ñ λ = λε,m, f(x) = f̂ε,m(x), supp f̂ε,m ⊆ [−x0, x0], è óñëîâèÿì
(3.19) c k = kε,m, è äëÿ ëþáîãî èíòåðâàëà Q ∈ C âåðíû îöåíêè

‖Rε,m‖C2(Q) = O(εm−8),

‖f̂ε,m‖C[−x0,x0] = O(εm−8).
(5.43)

Äîêàçàòåëüñòâî. Âñþäó â äîêàçàòåëüñòâå äëÿ êðàòêîñòè îáîçíà÷àåì
Θ±(ξ) := Θ±(ξ, ε, kε,m).
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Âû÷èñëèì âðîíñêèàí ôóíêöèé Θ+
(x

ε

)
è Θ−

(x

ε

)
, ïðè÷åì ó÷òåì ðàâåíñòâà (3.15), (3.16), (5.37)

è ëåììó 3.5:

W (ε) := Wx

(
Θ+

(x

ε

)
,Θ−

(x

ε

))
= ε−1Wξ

(
Θ+(ξ), Θ−(ξ)

)

= ε−1Θ2(1, ε2, k2
ε,m)

(
eτm(ε) − e−τm(ε)

)
= 2ε3τ4 +O(ε4). (5.44)

Òàê êàê W (ε) 6= 0, ôóíêöèè Θ± îáðàçóþò ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé óðàâíåíèÿ

(
− d2

dx2
+ a

(x

ε

)
− λε,m

)
u = f, (5.45)

ñ f = 0. Ïóñòü R± = R±(x, ε) � ðåøåíèÿ äàííîãî óðàâíåíèÿ ñ f(x) = h(x, τε,m)fε,m(x), îïðåäå-
ëÿåìûå ôîðìóëàìè

R±(x) =
1

W (ε)

x∫

±x0

(
Θ+

(x

ε

)
Θ−

(
t

ε

)
−Θ−

(x

ε

)
Θ+

(
t

ε

))
h(t, τε,m)fε,m(t) dt. (5.46)

ßñíî, ÷òî R± ∈ C2(R). Â ñèëó óðàâíåíèé (5.34), (5.45) è ôèíèòíîñòè V ôóíêöèÿ (ψε,m(x) −
R+(x, ε)) ïðè x > x0 ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (5.45) ñ îäíîðîäíîé ïðàâîé ÷àñòüþ, à ïîòîìó
âåðíî ðàâåíñòâî

ψε,m(x)−R+(x, ε) = C+
+Θ+

(x

ε

)
+ C−+Θ−

(x

ε

)
, x > x0. (5.47)

Îöåíèì êîýôôèöèåíò C−+ . Âûáèðàÿ â (5.46) x > x0 è çàìåíÿÿ ôóíêöèþ h(t, τε,m)fε,m(t) íà
ëåâóþ ÷àñòü óðàâíåíèÿ (5.34), èíòåãðèðîâàíèåì ïî ÷àñòÿì ïîëó÷àåì

C−+ =
Wx

(
Θ+

(
x
ε

)
, ψε,m(x)

)

W (ε)

∣∣∣∣∣
x=x0

=
U(x0, ε)e−(τε,m+τm(ε))x0

W (ε)
, (5.48)

ãäå ôóíêöèÿ U îïðåäåëåíà ñîãëàñíî (5.39). Èç óðàâíåíèÿ (5.40) ñëåäóåò, ÷òî

U(x, ε) = e(τε,m+τm(ε))x

(
U(x0, ε)−

x∫

x0

e−(τε,m+τm(ε))tΘ+
per

(
t

ε

)
fε,m(t) dt

)
.

Ôóíêöèÿ U ε-ïåðèîäè÷íà äëÿ x > x0, à ïîòîìó âûïîëíåíî ðàâåíñòâî U(x0 + ε, ε) = U(x0, ε),
êîòîðîå ìîæíî ïåðåïèñàòü â âèäå

U(x0, ε) = eε(τε,m+τm(ε))

(
U(x0, ε)−

x0+ε∫

x0

e−(τε,m+τm(ε))tΘ+
per

(
t

ε

)
fε,m(t) dt

)
.

Îòñþäà è èç (5.48) âûâîäèì

C−+ = −
eε(τε,m+τm(ε))

x0+ε∫

x0

e−(τε,m+τm(ε))tΘ+
per

(
t

ε

)
fε,m(t) dt

(
1− eε(τε,m+τm(ε))

)
W (ε)

.

Èç (3.17) ñëåäóåò, ÷òî ôóíêöèÿ Θ+
per

(x

ε

)
îãðàíè÷åíà ðàâíîìåðíî ïî x è ε. Ó÷èòûâàÿ äàííûé

ôàêò, (5.35), (5.37) è (5.44), ïðèõîäèì ê îöåíêå
C−+ = O(εm−8). (5.49)
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Èç âèäà ôóíêöèè R+, (3.13), (3.14), (3.17), (5.35), (5.44) ñëåäóåò, ÷òî
‖R+‖C(Q) = O(εm−4) (5.50)

äëÿ ëþáîãî Q ∈ C. Êàê ëåãêî ïðîâåðèòü,

d

dx
R+(x, ε) =

1
W (ε)

(
d

dx
Θ+

(x

ε

) x∫

x0

Θ−
(

t

ε

)
h(t, τε,m)fε,m(t) dt

− d

dx
Θ−

(x

ε

) x∫

x0

Θ+

(
t

ε

)
h(t, τε,m)fε,m(t) dt

)
.

Íà îñíîâå äàííîãî ðàâåíñòâà è (3.13), (3.14), (3.17), (5.35), (5.44) äîêàçûâàåòñÿ îöåíêà
∥∥∥∥

d

dx
Rε,+

∥∥∥∥
C(Q)

= O(εm),

âåðíàÿ äëÿ ëþáîãî Q ∈ C. Èç ïîëó÷åííîé îöåíêè, óðàâíåíèÿ äëÿ R+, (5.35), (5.50) âûâîäèì, ÷òî
‖R+‖C2(Q) = O(εm−4) (5.51)

äëÿ ëþáîãî Q ∈ C.
Àíàëîãè÷íî (5.47) äîêàçûâàåòñÿ, ÷òî

ψε,m(x)−R−(x, ε) = C+
−Θ+

(x

ε

)
+ C−−Θ−

(x

ε

)
, x 6 −x0.

Êîíñòàíòà C+
− îöåíèâàåòñÿ àíàëîãè÷íî òîìó, êàê áûëà ïîëó÷åíà îöåíêà êîíñòàíòû C−+ . Åäèí-

ñòâåííûì îòëè÷èåì ÿâëÿåòñÿ ëèøü òî, ÷òî ôóíêöèþ U íåîáõîäèìî âûáèðàòü ñëåäóþùèì îáðà-
çîì:

U(x, ε) := Wx

(
ψper

ε,m

(x

ε

)
, Θ−per

(x

ε

))
+ (τm(ε)− τε,m) Θ−per

(x

ε

)
ψper

ε,m

(x

ε

)
.

Àíàëîãè÷íî (5.49), (5.51) íåñëîæíî ïîêàçàòü, ÷òî ñïðàâåäëèâû îöåíêè

C+
− = O(εm−8), ‖R−‖C2(Q) = O(εm−4)

äëÿ ëþáîãî Q ∈ C. Èñïîëüçóÿ ïîëó÷åííûå îöåíêè äëÿ C+
− , C−+ , R± è (3.14), (3.17), íåòðóäíî

ïðîâåðèòü, ÷òî ôóíêöèÿ

Rε,m(x) := (1− χ(x)) R̃ε,m(x) + C−+Θ−
(x

ε

)
+ C+

−Θ+
(x

ε

)
,

ãäå

R̃ε,m(x) :=
{

Rε,+(x) ïðè x > 0,

Rε,−(x) ïðè x < 0,

óäîâëåòâîðÿåò óòâåðæäåíèþ ëåììû. ¤

Â ñèëó äîêàçàííîé ëåììû ôóíêöèÿ ψ̂ε,m ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (3.18), (3.19). Ñëåäîâà-
òåëüíî, ê ôóíêöèè

Fε,m(x) := f̂ε,m(x)/ϕ
(x

ε
, ε2

)

ïðèìåíèìî óòâåðæäåíèå ëåììû 3.11, à èìåííî, ñïðàâåäëèâî ïðåäñòàâëåíèå

ψ̂ε,m =
T8(ε, kε,m)Fε,m

kε,m − kε
ψ(0)

ε + ϕ
(x

ε
, ε2

)
T9(ε, kε,m)Fε,m, (5.52)

ãäå ψ
(0)
ε � èç ëåììû 3.10. Èç (3.34) âûòåêàåò ðàâíîìåðíàÿ ïî ε îöåíêà

‖ψ(0)
ε ‖W 1

2 (−x0,x0) 6 C. (5.53)
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Ó÷èòûâàÿ äàííóþ îöåíêó, (5.43), ëåììó 3.4 è ðàâíîìåðíóþ ïî ε îãðàíè÷åííîñòü ôóíêöèî-
íàëà T8(ε, kε,m) è îïåðàòîðà T9(ε, kε,m) (ñì. ëåììó 3.11), èç (5.52) âûâîäèì

‖ψ̂ε,m − ϕT9(ε, kε,m)Fε,m‖L2(−x0,x0) 6 Cεm−8

|kε,m − kε| ,

îòêóäà â ñèëó ñõîäèìîñòè ψ̂ε,m ê ψ0 â L2(−x0, x0) (ñì. ëåììû 5.3, 5.5) ñëåäóåò
kε − kε,m = O(εm−8). (5.54)

Ïîëàãàÿ m = 13, â ñèëó (5.36) ïîëó÷àåì, ÷òî ðåøåíèå óðàâíåíèÿ (3.32) óäîâëåòâîðÿåò ðàâåí-
ñòâó

kε = ε4τ4 +O(ε5),

è ïîòîìó Re kε > 0. Â ñèëó ëåììû 3.10 îòñþäà ñëåäóåò, ÷òî îïåðàòîð Hε èìååò åäèíñòâåííîå
ñîáñòâåííîå çíà÷åíèå, ñõîäÿùååñÿ ê íóëþ ïðè ε → 0, êîòîðîå äàåòñÿ ðàâåíñòâîì λ

(0)
ε = µ+

0 (ε2)−k2
ε

è ÿâëÿåòñÿ ïðîñòûì. Èç (5.54) è îïðåäåëåíèÿ kε,m òàêæå âûòåêàåò, ÷òî àñèìïòîòèêà äàííîãî
ñîáñòâåííîãî çíà÷åíèÿ èìååò âèä (1.10), (1.11). Òåîðåìà 1.3 ïîëíîñòüþ äîêàçàíà.

Â çàêëþ÷åíèå âûÿñíèì àñèìïòîòèêó ñîáñòâåííîé ôóíêöèè, ñîîòâåòñòâóþùåé λ
(0)
ε . Óìíîæàÿ

ïðåäñòàâëåíèå (5.52) íà ψ
(0)
ε ñêàëÿðíî â L2(−x0, x0), íà îñíîâå ëåìì 3.11 è 5.3 è ñõîäèìîñòè

(3.34) àíàëîãè÷íî äîêàçàòåëüñòâó ðàâåíñòâà (4.23) íåñëîæíî âûâåñòè ñóùåñòâîâàíèå ôóíêöèè
c(ε) òàêîé, ÷òî

c(ε) =
T8(ε, kε,m)Fε,m

kε,m − kε
+O(εm−8), c(ε) = 1 + O(1), ε → 0.

Ó÷èòûâàÿ äàííóþ ôîðìóëó, èç îöåíîê (5.43), (5.53) è ïðåäñòàâëåíèÿ (5.52) ïîëó÷àåì

‖ψ̂ε,m − c(ε)ψ(0)
ε ‖W 2

2 (−x0,x0) = O(εm−8).

Òàê êàê ôóíêöèè ψ̂ε,m è ψε óäîâëåòâîðÿþò ðàâåíñòâàì (3.19) ñ k = kε,m è k = kε, ñîîòâåòñòâåííî,
èç ïîñëåäíåãî ðàâåíñòâà, (5.43), (5.54) è ëåìì 3.5, 5.4 ïîëó÷àåì

‖ψε,m − c(ε)ψ(0)
ε ‖W 2

2 (Q) = O(εm−8)

äëÿ ëþáîãî Q ∈ C. Òàêèì îáðàçîì, äîêàçàíà

Òåîðåìà 5.1. Ñîáñòâåííóþ ôóíêöèþ, ñîîòâåòñòâóþùóþ ñîáñòâåííîìó çíà÷åíèþ λ
(0)
ε îïå-

ðàòîðà Hε, ìîæíî âûáðàòü òàê, ÷òî îíà áóäåò óäîâëåòâîðÿòü àñèìïòîòè÷åñêîìó ðàçëîæå-
íèþ (5.1) â íîðìå W 2

2 (Q) äëÿ ëþáîãî Q ∈ C. Êîýôôèöèåíòû äàííîãî ðàçëîæåíèÿ îïðåäåëÿþòñÿ
ñîãëàñíî (5.9), (5.29), (5.30), (5.31) è ëåììå 5.2. Ïðè ±x > x0 äëÿ äàííîé ñîáñòâåííîé ôóíêöèè
ñïðàâåäëèâû ðàâåíñòâà (3.19), ïðè÷åì äëÿ ìóëüòèïëèêàòîðîâ κ± = κ±1(ε, kε), ñîîòâåòñòâó-
þùèõ ôóíêöèÿì Θ±, âûïîëíåíî ðàâåíñòâî

κ(ε, kε) = e−τε ,

ãäå τε èìååò àñèìïòîòèêó (5.3) ñ êîýôôèöèåíòàìè, îïðåäåëåííûìè (5.33) è ëåììîé 5.2.

§ 6. Ñóùåñòâîâàíèå ñîáñòâåííûõ çíà÷åíèé
â êîíå÷íîé ëàêóíå

Öåëüþ íàñòîÿùåãî ïàðàãðàôà ÿâëÿåòñÿ äîêàçàòåëüñòâî òåîðåìû 1.4 è óòâåðæäåíèÿ (2) òåîðå-
ìû 1.5. Âñþäó â ïàðàãðàôå ñ÷èòàåì âûïîëíåííûì óñëîâèå òåîðåìû 1.4.
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Ëåììà 6.1. Ðåøåíèÿ ϕ±,i = ϕ±,i(ξ, ε2) óðàâíåíèÿ (2.2) ñ M = ε2µ±n (ε2), óäîâëåòâîðÿþùèå
íà÷àëüíûì óñëîâèÿì

ϕ±,1(0, ε2) = 1, ϕ′±,1(0, ε2) = 0, ϕ±,2(0, ε2) = 0, ϕ′±,2(0, ε2) = 1,

äëÿ äîñòàòî÷íî ìàëûõ ε èìåþò âèä

ϕ±,1 = cos πn ξ +
∞∑

j=1

ε2jP j
±(ε2)[cos πnξ],

ϕ±,2 =
1

πn
sin πn ξ +

1
πn

∞∑

j=1

ε2jP j
±(ε2)[sin πnξ],

ãäå îïåðàòîð P±(ε2) îïðåäåëÿåòñÿ ðàâåíñòâîì

P±(ε2)[f ](ξ, ε2) :=
1

πn

ξ∫

0

(a(η)− µ±n (ε2) + π2n2ε−2) sin πn(ξ − η)f(η) dη

è ÿâëÿåòñÿ ëèíåéíûì îãðàíè÷åííûì îïåðàòîðàì èç C[0, 1] â C2[0, 1], ãîëîìîðôíûì ïî ε2. Ôóíê-
öèè ϕ±,i ãîëîìîðôíû ïî ε2 â íîðìå C2[0, 1].

Ëåììà 6.2. Ðåøåíèÿ Θ±,i = Θ±,i(ξ, ε2, k2) óðàâíåíèÿ (2.2) ñ M = ε2(µ±n (ε2) ∓ k2), ãäå k �
êîìïëåêñíûé ïàðàìåòð, óäîâëåòâîðÿþùèå íà÷àëüíûì óñëîâèÿì

Θ±,1(0, ε2, k2) = 1, Θ′±,1(0, ε2, k2) = 0,

Θ±,2(0, ε2, k2) = 0, Θ′±,2(0, ε2, k2) = 1,

äëÿ äîñòàòî÷íî ìàëûõ ε èìåþò âèä

Θ±,i = ϕ±,i +
∞∑

j=1

ε2jk2jP̃ j
±(ε2)[ϕi],

ãäå îïåðàòîð P̃±(ε2) îïðåäåëÿåòñÿ ðàâåíñòâîì

P̃±(ε2)[f ](ξ, ε2) := ±
ξ∫

0

(
ϕ±,2(ξ, ε2)ϕ±,1(η, ε2)− ϕ±,2(η, ε2)ϕ±,1(ξ, ε2)

)
f(η) dη

è ÿâëÿåòñÿ ëèíåéíûì îãðàíè÷åííûì îïåðàòîðàì èç C[0, 1] â C2[0, 1], ãîëîìîðôíûì ïî ε2. Ôóíê-
öèè Θ±,i ãîëîìîðôíû ïî ε2 è k2 â íîðìå C2[0, 1].

Äîêàçàòåëüñòâî äàííûõ ëåìì àíàëîãè÷íî äîêàçàòåëüñòâó ëåìì 3.4 è 3.5.
Âñþäó â íàñòîÿùåì ïàðàãðàôå â îáîçíà÷åíèÿõ ôóíêöèé ϕ±,i è Θ±,i ìû íå óêàçûâàåì ÿâíî

çàâèñèìîñòü ýòèõ ôóíêöèé îò ε è k, ïîëàãàÿ äëÿ êðàòêîñòè

ϕ±,i(ξ) := ϕ±,i(ξ, ε2), Θ±,i(ξ) := ϕ±,i(ξ, ε, k), i = 1, 2.

Íåïîñðåäñòâåííî èç ëåìì 6.1 è 6.2 âûòåêàþò ðàâåíñòâà
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ϕ±,1(1) = (−1)n

(
1− ε2 bn

2πn

)
+O(ε4),

ϕ′±,1(1) = (−1)nε2 an ∓ µn,0

2
+O(ε4),

ϕ±,2(1) = (−1)nε2 an ± µn,0

2π2n2
+O(ε4),

ϕ′±,2(1) = (−1)n

(
1 + ε2 bn

2πn

)
+O(ε4),

(6.1)

à òàêæå

Θ±,1(1) = (−1)n

(
1− ε2 bn

2πn

)
+O(ε4k2),

Θ′±,1(1) = (−1)nε2 an ∓ µn,0 ± k2

2
+O(ε4k2),

Θ±,2(1) = (−1)nε2 an ± µn,0 ∓ k2

2π2n2
+O(ε4k2),

Θ′±,2(1) = (−1)n

(
1 + ε2 bn

2πn

)
+O(ε4k2),

(6.2)

ãäå µn,0 :=
√

a2
n + b2

n > 0.

Ëåììà 6.3. Ïóñòü c > 0 � ïðîèçâîëüíàÿ êîíñòàíòà, íå çàâèñÿùàÿ îò ε è k. Ôóíêöèè Θ±,i

ãîëîìîðôíû ïî k â íîðìå C2[−cε−1, cε−1]. Â ýòîé æå íîðìå ôóíêöèè Θ±,i è âñå èõ ïðîèçâîäíûå
ïî k îãðàíè÷åíû ðàâíîìåðíî ïî ε è k.

Äîêàçàòåëüñòâî. Èç ëåììû 6.2 è ðàâåíñòâ (6.1) âûòåêàåò, ÷òî
‖ϕ±,i‖C2[0,1] 6 C0,

|ϕ±,1(1)|+ |ϕ±,2(1)|+ |ϕ′±,1(1)|+ |ϕ′±,2(1)| 6 1 + cε2,

ãäå êîíñòàíòû C0 è c íå çàâèñÿò îò ε. Ïóñòü äëÿ íåêîòîðîãî öåëîãî m âûïîëíåíà ðàâíîìåðíàÿ
ïî ε îöåíêà

‖ϕ±,i‖C2[m−1,m] 6 Cm, i = 1, 2,

ãäå Cm � íåêîòîðàÿ êîíñòàíòà. Òîãäà èç ðàâåíñòâà
ϕ±,i(ξ + 1) = ϕ±,i(1)ϕ±,1(ξ) + ϕ′±,i(1)ϕ±,2(ξ) (6.3)

âûâîäèì
‖ϕ±,i‖C2[m,m+1] 6

(|ϕ±,i(1)|+ |ϕ′±,i(1)|) ‖ϕ±,i‖C2[m−1,m] 6 Cm(1 + cε2),

è òàêàÿ æå îöåíêà âåðíà äëÿ ‖ϕ±,i‖C2[m−2,m−1]. Ïðèìåíÿÿ ïîëó÷åííûå îöåíêè ïî èíäóêöèè,
ïðèõîäèì ê íåðàâåíñòâó

‖ϕ±,i‖C2[m,m+1] 6 C0(1 + cε2)m, m ∈ Z,

îòêóäà ñëåäóåò, ÷òî
‖ϕ±,i‖C2[−cε−1,cε−1] 6 C0(1 + cε2)cε−1+1 6 C,

ãäå êîíñòàíòà C íå çàâèñèò îò ε. Ñëåäîâàòåëüíî, îïåðàòîð P̃±(ε2) èç óòâåðæäåíèÿ ëåììû 6.2 äëÿ
ëþáîãî ôèêñèðîâàííîãî c > 0 óäîâëåòâîðÿåò ðàâíîìåðíîé ïî ε îöåíêå

‖P̃±(ε2)[f ]‖C2[−cε−1,cε−1] 6 Cε−1‖f‖C[−cε−1,cε−1].

Îòñþäà óæå â ñèëó ëåììû 6.2 ñëåäóåò óòâåðæäåíèå äîêàçûâàåìîé ëåììû. ¤
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Âû÷èñëèì ìóëüòèïëèêàòîðû κ+
± = κ+

±(ε, k) è κ−± = κ−±(ε, k), ñîîòâåòñòâóþùèå óðàâíåíèþ
(2.2) ñ M = ε2(µ±n (ε2)∓ k2). Â ñèëó ôîðìóë (8.13) èç [28, ãë. 2, § 2.8] äàííûå ìóëüòèïëèêàòîðû
ìîæíî îïðåäåëèòü ðàâåíñòâàìè

κ+
± = κ±, κ−± =

1
κ±

, (6.4)

ãäå

κ± =
D± + (−1)n

√
D2± − 4

2
,

D± = D±(ε2, k2) := Θ±,1(1, ε2, k2) + Θ′±,2(1, ε2, k2).

Òàê êàê µ±n (ε2) � êðàÿ çîí ñóùåñòâåííîãî ñïåêòðà îïåðàòîðà Hε, à ñîîòâåòñòâóþùèå èì ðåøåíèÿ
ζ±n óðàâíåíèÿ (2.2) óäîâëåòâîðÿþò ïåðèîäè÷åñêèì ëèáî àíòèïåðèîäè÷åñêèì êðàåâûì óñëîâèÿì
(2.3), (2.4), ââèäó [28, ãë. 2, § 2.8] âûïîëíåíî ðàâåíñòâî

ϕ±,1(1) + ϕ′±,2(1) = 2(−1)n. (6.5)

Èñïîëüçóÿ äàííîå ðàâåíñòâî, ñîîòíîøåíèÿ (6.2) è ëåììû 6.1, 6.2, ïðÿìûìè âû÷èñëåíèÿìè ìîæíî
ïðîâåðèòü, ÷òî

D±(ε2, k2) = (−1)n

(
2 +

ε4k2

4π2n2

(
D̃±(ε2)− k2

))
+ ε6k4D̂±(ε2, k2),

D̃±(ε2) :=
4π2n2

ε2

(
P̃±[ϕ±,1](ξ, ε2) +

d

dξ
P̃±[ϕ±,2](ξ, ε2)

) ∣∣∣∣
ξ=1

= 2µn,0 +O(ε2),
(6.6)

ãäå D̂± è D̃± � ãîëîìîðôíûå ôóíêöèè. Ïîäñòàíîâêà ïîëó÷åííîãî ðàâåíñòâà â (6.4) ïðèâîäèò ê
ñëåäóþùåìó ïðåäñòàâëåíèþ äëÿ κ±:

κ±(ε, k) = (−1)n

(
1 +

ε2k

2πn

√
D̃±(ε2)− k2

)
+ ε4k2κ̃±(ε, k),

lnκ±(ε, k) = ln
(
(−1)n

)
+

ε2k

2πn

√
2µn,0 − k2 +O(ε4k),

(6.7)

ãäå κ̃±(ε, k) � ãîëîìîðôíàÿ ôóíêöèÿ äâóõ ïåðåìåííûõ, à âåòâü ëîãàðèôìà âûáðàíà èç óñëîâèÿ
ln 1 = 0 è, ñëåäîâàòåëüíî, ln(−1) = πi. Çäåñü ìû òàêæå ïðåäïîëàãàåì, ÷òî

|2µn,0 − k2| > c > 0,

ãäå êîíñòàíòà c íå çàâèñèò îò ε è k.
Ñîãëàñíî òåîðåìå Ôëîêå � Ëÿïóíîâà óðàâíåíèå (2.2) ñ M = ε2

(
µ±n (ε2)∓ k2

)
èìååò ôóíäà-

ìåíòàëüíóþ ñèñòåìó ðåøåíèé âèäà
Θ+
± = Θ+

±(ξ, ε, k) = e−ξ lnκ±(ε,k)Θ+
per,±(ξ, ε, k),

Θ−± = Θ−±(ξ, ε, k) = eξ lnκ±(ε,k)Θ−per,±(ξ, ε, k),
(6.8)

ãäå ôóíêöèè Θ±per,±(ξ, ε, k) 1-ïåðèîäè÷íû. Âñþäó äî êîíöà ïàðàãðàôà â îáîçíà÷åíèÿõ ôóíêöèé
Θ±± ìû íå óêàçûâàåì çàâèñèìîñòü îò ε è k è ïèøåì äëÿ êðàòêîñòè

Θ+
±(ξ) := Θ+

±(ξ, ε, k), Θ−±(ξ) := Θ−±(ξ, ε, k).

Ðàññìîòðèì óðàâíåíèå (3.18) ñ λ = µ±n (ε2) ∓ k2. Áóäåì èñêàòü ðåøåíèå äàííîãî óðàâíåíèÿ,
óäîâëåòâîðÿþùåãî óñëîâèÿì

u(x, ε, k) = c+(ε, k)Θ+
±

(x

ε

)
, x > x0,

u(x, ε, k) = c−(ε, k)Θ−±
(x

ε

)
, x 6 −x0,

(6.9)

ãäå c±(ε, k) � íåêîòîðûå êîíñòàíòû. Îáîçíà÷èì
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Θ̃1
±(ξ, s) := Θ±,2(1)Θ±,1(ξ) +

(
s−Θ±,1(1)

)
Θ±,2(ξ),

Θ̃2
±(ξ, s) := −Θ′±,1(1)Θ±,2(ξ) +

(
s−Θ±,1(1)

)
Θ±,1(ξ).

(6.10)

Ïóñòü s = κ± èëè s = κ−1
± . Èñïîëüçóÿ ðàâåíñòâà

Θ±,i(ξ + 1) = Θ±,i(1)Θ±,1(ξ) + Θ′±,i(1)Θ±,2(ξ),

Wξ (Θ±,1(ξ), Θ±,2(ξ)) ≡ 1, κ± + κ−1
± = Θ±,1(1) + Θ′±,2(1),

(6.11)

ëåãêî ïîêàçàòü, ÷òî
Θ̃1
±(ξ + 1, s) = sΘ̃1

±(ξ, s),

Θ̃2
±(ξ + 1, s) = s−1Θ̃2

±(ξ, s),

îòêóäà ñëåäóåò, ÷òî

Θ̃1
±(ξ,κ±) = c±1 Θ−±(ξ), Θ̃2

±(ξ,κ−1
± ) = c±2 Θ+

±(ξ),

Θ̃1
±(ξ,κ−1

± ) = c±3 Θ+
±(ξ), Θ̃2

±(ξ,κ±) = c±4 Θ−±(ξ),
(6.12)

ãäå c±i � íåêîòîðûå êîíñòàíòû, çàâèñÿùèå òîëüêî îò ε è k.
Íà ôóíêöèÿõ g ∈ L2(−x0, x0), supp g ⊆ [−x0, x0], îïðåäåëèì îïåðàòîð

T±11(ε, k)g :=
1

κ±(ε, k)− κ−1
± (ε, k)

T±12(ε, k)g, (6.13)

ãäå

T±12g :=

x∫

−∞

(
Θ̃1
±

(x

ε
,κ−1
±

)
Θ±,1

(
t

ε

)
+ Θ̃2

±
(x

ε
,κ±

)
Θ±,2

(
t

ε

))
g(t) dt

+

+∞∫

x

(
Θ̃1
±

(x

ε
,κ±

)
Θ±,1

(
t

ε

)
+ Θ̃2

±
(x

ε
,κ−1
±

)
Θ±,2

(
t

ε

))
g(t) dt.

Ëåììà 6.4. Äëÿ ëþáîãî Q ∈ C îïåðàòîð T±11 ÿâëÿåòñÿ ëèíåéíûì îãðàíè÷åííûì îïåðàòî-
ðîì èç L2(−x0, x0) â W 2

2 (Q). Çàäà÷à (3.18), (6.9) ñ λ = µ±n (ε2) ∓ k2 ýêâèâàëåíòíà ñëåäóþùåìó
îïåðàòîðíîìó óðàâíåíèþ â L2(−x0, x0) :

g + εV T±11(ε, k)g = f, (6.14)
ãäå

g := f − V u, u = εT±11(ε, k)g. (6.15)

Çàìå÷àíèå 6.1. Â óòâåðæäåíèå ëåììû ôóíêöèè èç L2(−x0, x0), ê êîòîðûì ïðèìåíÿåòñÿ
îïåðàòîð T±11, ñ÷èòàþòñÿ ïðîäîëæåííûìè íóëåì âíå îòðåçêà [−x0, x0].

Äîêàçàòåëüñòâî. Îãðàíè÷åííîñòü îïåðàòîðà T±11 : L2(−x0, x0) → W 2
2 (Q), Q ∈ C, ñëåäóåò

íåïîñðåäñòâåííî èç îïðåäåëåíèÿ ýòîãî îïåðàòîðà. Ïóñòü g � ðåøåíèå óðàâíåíèÿ (6.14). Îïðå-
äåëèì ôóíêöèþ u ñîãëàñíî (6.15). Ñ ó÷åòîì îïðåäåëåíèÿ ôóíêöèé Θ̃i

± íåòðóäíî ïðîâåðèòü, ÷òî
ôóíêöèÿ u ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

(
− d2

dx2
+ a

(x

ε

)
− µ±n (ε2)± k2

)
u = g, x ∈ R. (6.16)

Ïðè x 6 x0 ôóíêöèÿ u èìååò âèä
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u(x) = Θ̃1
±

(x

ε
,κ−1
±

) ∫

R

Θ±,1

(
t

ε

)
g(t) dt + Θ̃2

±
(x

ε
,κ±

) ∫

R

Θ±,2

(
t

ε

)
g(t) dt,

îòêóäà è èç (6.12) ñëåäóåò, ÷òî ôóíêöèÿ u óäîâëåòâîðÿåò ïåðâîìó èç óñëîâèé (6.9). Àíàëîãè÷íî
äîêàçûâàåòñÿ, ÷òî ôóíêöèÿ u óäîâëåòâîðÿåò è âòîðîìó èç óñëîâèé (6.9).

Åñëè u � ðåøåíèå çàäà÷è (3.18), (6.9), òî îíî ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (6.16) ñ ïðàâîé
÷àñòüþ, îïðåäåëåííîé ñîãëàñíî (6.15). Ó÷èòûâàÿ îïðåäåëåíèå îïåðàòîðà T±11, âûâîäèì, ÷òî u =
εT±11g. Ïîäñòàâëÿÿ äàííîå ðàâåíñòâî â (6.16), ïðèõîäèì ê óðàâíåíèþ (6.14). ¤

Ëåììà 6.5. Äëÿ ëþáîãî δ > 0 îòðåçîê [µ−n (ε2)+δ, µ+
n (ε2)−δ] âåùåñòâåííîé îñè íå ñîäåðæèò

ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà Hε, åñëè ε äîñòàòî÷íî ìàëî.

Äîêàçàòåëüñòâî. Äëÿ λ ∈ [µ−n (ε2) + δ, µ+
n (ε2)− δ] ïîëîæèì

k :=
√

µ+
n (ε2)− λ > 0.

Òîãäà èç (1.3), (1.5) âûòåêàåò, ÷òî äëÿ äîñòàòî÷íî ìàëûõ ε âûïîëíåíà îöåíêà 0 < c 6 k2 6
2µn,0 − c, ãäå c � íå çàâèñÿùàÿ îò ε è k êîíñòàíòà. Èç äàííîé îöåíêè è (6.6), (6.7) âûòåêàåò, ÷òî
çíàìåíàòåëü â (6.13) óäîâëåòâîðÿåò íåðàâåíñòâó

|κ±(ε, k)− κ−1
± (ε, k)| > Cε2, (6.17)

ãäå êîíñòàíòà C > 0 íå çàâèñèò îò ε è k. Ðàâåíñòâà (6.2), (6.6), (6.7) è ëåììà 6.3 ïîçâîëÿþò
îöåíèòü ðàâíîìåðíî ïî ε è k íîðìó îïåðàòîðà T±12(ε, k) : L2(−x0, x0) → L2(−x0, x0) ñëåäóþùèì
îáðàçîì: ‖T±12‖ 6 Cε2. Îòñþäà è èç (6.17) ñëåäóåò, ÷òî îïåðàòîð V T±11 : L2(−x0, x0) → L2(−x0, x0)
îãðàíè÷åí ðàâíîìåðíî ïî ε è k. Ñëåäîâàòåëüíî, äëÿ äîñòàòî÷íî ìàëûõ ε îïåðàòîð (I+εV T±11(ε, k))
îãðàíè÷åííî îáðàòèì, à ïîòîìó óðàâíåíèå (6.14) ñ f = 0 èìååò òîëüêî òðèâèàëüíîå ðåøåíèå. Ñ
ó÷åòîì ëåììû 6.4 îòñþäà âûâîäèì, ÷òî çàäà÷à (3.18), (6.9) ñ f = 0, λ ∈ [µ−n (ε2) + δ, µ+

n (ε2) − δ]
íå èìååò íåòðèâèàëüíûõ ðåøåíèé äëÿ äîñòàòî÷íî ìàëûõ ε, ÷òî äîêàçûâàåò ëåììó. ¤

Èç äîêàçàííîé ëåììû ñëåäóåò, ÷òî ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà Hε, ëåæàùèå â ëàêóíå
(µ−n (ε2), µ+

n (ε2)), óäîâëåòâîðÿþò ðàâåíñòâó (1.13). Äàííûå ñîáñòâåííûå çíà÷åíèÿ èùåì â âèäå
λ

(n)
ε,± := µ±n (ε2)∓ k2

ε,±,

ãäå kε,± → 0 ïðè ε → 0. Ñóùåñòâîâàíèå ñîáñòâåííûõ çíà÷åíèé λ
(n)
ε,± îïåðàòîðà Hε ìû èññëåäóåì

ïî ñõåìå, àíàëîãè÷íîé èñïîëüçîâàííîé â § 3 ïðè èçó÷åíèè ñóùåñòâîâàíèè ñîáñòâåííîãî çíà÷åíèÿ,
ñòðåìÿùåãîñÿ ê íóëþ ïðè ε → 0.

Èñïîëüçóÿ ëåììû 6.2, 6.3, ðàâåíñòâà (6.2), (6.7) è

κ± − κ−1
± = (κ± − (−1)n)

(
1 + (−1)nκ−1

±
)
,

èç (6.13) è îïðåäåëåíèÿ ôóíêöèé Θ̃i
± âûâîäèì, ÷òî îïåðàòîð T±11 ïðåäñòàâèì â âèäå

T±11(ε, k) =
1

κ± − κ−1
±

T±13(ε) + T±14(ε) + kT±15(ε, k), (6.18)
ãäå

T±13(ε)g =
(
ϕ±,2(1)ϕ±,1

(x

ε

)
+

(
(−1)n − ϕ±,1(1)

)
ϕ±,2

(x

ε

)) ∫

R

ϕ±,1

(
t

ε

)
g(t) dt

+
(
−ϕ′±,1(1)ϕ±,2

(x

ε

)
+

(
(−1)n − ϕ±,1(1)

)
ϕ±,1

(x

ε

)) ∫

R

ϕ±,2

(
t

ε

)
g(t) dt, (6.19)

T±14(ε)g =
1
2

∫

R

(
ϕ±,1

(x

ε

)
ϕ±,2

(
t

ε

)
− ϕ±,2

(x

ε

)
ϕ±,1

(
t

ε

))
sgn(x− t)g(t) dt (6.20)
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è äëÿ ëþáîãî Q ∈ C ëèíåéíûé îïåðàòîð T±15(ε, k) : L2(−x0, x0) → W 2
2 (Q) ãîëîìîðôåí ïî k è

îãðàíè÷åí ðàâíîìåðíî ïî ε è k âìåñòå ñî ñâîåé ïðîèçâîäíîé d

dk
T±15(ε, k).

Òàê êàê
ϕ±,i(ξ, ε2) = Θ±,i(ξ, ε2, 0),

èç ëåììû 6.3 ñëåäóåò, ÷òî ëèíåéíûå îïåðàòîðû T±13(ε), T14(ε) : L2(−x0, x0) → W 2
2 (Q) îãðàíè÷åíû

ðàâíîìåðíî ïî ε äëÿ ëþáîãî Q ∈ C.
Ïîëîæèì

ϕ±(ξ, ε2) := ϕ±,1(ξ, ε2) +
(−1)n − ϕ±,1(1, ε2)

ϕ±,2(1, ε2)
ϕ±,2(ξ, ε2),

åñëè bn 6= 0 èëè bn = 0, sgn an = ±1, è

ϕ±(ξ, ε2) := ϕ±,2(ξ, ε2)− (−1)n − ϕ±,1(1, ε2)
ϕ′±,1(1, ε2)

ϕ±,1(ξ, ε2),

åñëè bn = 0, sgn an = ∓1. Ôóíêöèÿ ϕ± îïðåäåëåíà êîððåêòíî, òàê êàê çíàìåíàòåëè ϕ±,2(1) è
ϕ′±,1(1) â åå îïðåäåëåíèè íå ðàâíû íóëþ â ñèëó (6.1). Èç ðàâåíñòâ (6.3) ñëåäóåò, ÷òî ôóíêöèÿ ϕ±
1-ïåðèîäè÷íà ïî ξ äëÿ ÷åòíûõ n è 1-àíòèïåðèîäè÷íà äëÿ íå÷åòíûõ n. Ó÷èòûâàÿ (6.1) è ëåììó 6.1
òàêæå íåòðóäíî óáåäèòüñÿ, ÷òî ôóíêöèÿ ϕ± ãîëîìîðôíà ïî ε2 â íîðìå C2[0, 1]. Âñþäó äî êîíöà
ïàðàãðàôà äëÿ êðàòêîñòè îáîçíà÷èì ϕ±(ξ) := ϕ±(ξ, ε2).

Ôóíêöèÿ ϕ± ÿâëÿåòñÿ ðåøåíèåì êðàåâîé çàäà÷è (2.2), (2.3) äëÿ ÷åòíûõ n è êðàåâîé çàäà÷è
(2.2), (2.4) äëÿ íå÷åòíûõ n ñ M = ε2µ±n (ε2). Ñëåäîâàòåëüíî, ϕ± = C±(ε2)ζ±n , ãäå C± � íåêîòîðàÿ
êîíñòàíòà, à ζ±n îïðåäåëåíà ñîãëàñíî (2.11), (2.13) è ëåììå 2.8. Â ñèëó ôîðìóë (6.1) è ëåììû 6.1
âåðíî ðàâåíñòâî

ϕ±(ξ, 0) =





cos πn ξ +
bn sin πn ξ

an ± µn,0
, åñëè bn 6= 0 èëè bn = 0, sgn an = ±1,

sin πn ξ

πn
− bn cos πn ξ

πn(an ∓ µn,0)
, åñëè bn = 0, sgn an = ∓1.

Ñ ó÷åòîì ãîëîìîðôíîñòè ïî ε2 ôóíêöèé ϕ± èç ïîñëåäíåãî ðàâåíñòâà âûâîäèì, ÷òî C± ãîëî-
ìîðôíà ïî ε2 è C±(ε2) = C±(0) + O(ε2), ãäå C±(0) � íåêîòîðàÿ âåùåñòâåííàÿ êîíñòàíòà, íå
ðàâíàÿ íóëþ.

Èç ñîîòíîøåíèé (6.5) è
Wξ

(
ϕ±,1

(x

ε

)
, ϕ±,2

(x

ε

))
≡ 1

ëåãêî ïîëó÷èòü ðàâåíñòâî
((−1)n − ϕ±,1)

2 = −ϕ′±,1(1)ϕ±,2(1),
ó÷èòûâàÿ êîòîðîå, ïðÿìûìè âû÷èñëåíèÿìè ïðîâåðÿåì, ÷òî

T±13(ε)g = ε2c±(ε2)ζ±n
(x

ε
, ε2

)
T±16(ε)g,

T±16(ε)g :=
∫

R

ζ±n

(
t

ε
, ε2

)
g(t) dt,

(6.21)

ãäå

c±(ε2) =





ϕ±,2(1, ε2)C2
±(ε2)

ε2
, åñëè bn 6= 0 èëè bn = 0, sgn an = ±1,

−ϕ′±,1(1, ε2)C2
±(ε2)

ε2
, åñëè bn = 0, sgn an = ∓1.

Ôóíêöèîíàë T±16(ε) : L2(−x0, x0) → C îãðàíè÷åí ðàâíîìåðíî ïî ε, òàê êàê ôóíêöèÿ ζ±n (ξ, ε2) 1-
ïåðèîäè÷íà è ãîëîìîðôíà ïî ε2 â íîðìå C2[0, 1]. Ðàâåíñòâà (6.18), (6.21) ïîçâîëÿþò ïåðåïèñàòü
óðàâíåíèå (6.14) â âèäå
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g +
ε3c±V ζ±n
κ± − κ−1

±
T±16g + εV T±14g + εkV T±15g = f. (6.22)

Òàê êàê îïåðàòîðû T±14, T
±
15 : L2(−x0, x0) → L2(−x0, x0) îãðàíè÷åíû ðàâíîìåðíî ïî ε è k,

ñóùåñòâóåò îãðàíè÷åííûé îáðàòíûé îïåðàòîð
T±17(ε, k) :=

(
I + εV T14(ε) + εkV T±15(ε, k)

)−1 : L2(−x0, x0) → L2(−x0, x0).

Îïåðàòîð T±17 ãîëîìîðôåí ïî k è óäîâëåòâîðÿåò ðàâíîìåðíîìó ïî k ðàâåíñòâó

T±17(ε, k) = I +O(ε), ε → 0. (6.23)

Ïðèìåíÿÿ îïåðàòîð T±17 ê óðàâíåíèþ (6.22), ïîëó÷àåì

g +
ε3c±T±16g
κ± − κ−1

±
T±17V ζ±n = T±17f. (6.24)

Äåéñòâóÿ ôóíêöèîíàëîì T±16 íà ýòî óðàâíåíèå, âûâîäèì

(
1 +

ε3c±
κ± − κ−1

±
T±16T

±
17V ζ±n

)
T±16g = T±16T

±
17f. (6.25)

Àíàëîãè÷íî òîìó, êàê èç (3.30), (3.31) áûëî âûâåäåíî óðàâíåíèå (3.32), èç (6.24), (6.25) âûâîäèì,
÷òî çíà÷åíèÿ k, ïðè êîòîðûõ óðàâíåíèå (6.14) ñ f = 0 èìååò íåòðèâèàëüíûå ðåøåíèÿ, îïðåäåëÿ-
þòñÿ óðàâíåíèåì

k = εg±(ε, k), (6.26)
ãäå

g±(ε, k) := −kε2c±(ε2)T±16(ε)T
±
17(ε, k)V (x)ζ±n

(
x
ε , ε2

)

κ±(ε, k)− κ−1
± (ε, k)

.

Èç ëåììû 6.1, ðàâåíñòâ (6.1) è ãîëîìîðôíîñòè C±(ε2) ñëåäóåò, ÷òî c±(ε2) � ãîëîìîðôíàÿ
ôóíêöèÿ, ïðè÷åì

c±(0) =
{

(−1)nC2
±(0)an±µn,0

2π2n2 , åñëè bn 6= 0 èëè bn = 0, sgn an = ±1,

(−1)n+1C2
±(0)an∓µn,0

2 , åñëè bn = 0, sgn an = ∓1.

ßñíî, ÷òî c±(0) 6= 0, ïðè÷åì
(−1)n+1c+(0) < 0.

Ó÷èòûâàÿ (6.7), çàêëþ÷àåì, ÷òî ôóíêöèÿ g± ãîëîìîðôíà ïî k è îãðàíè÷åíà ðàâíîìåðíî ïî ε

âìåñòå ñî ñâîåé ïðîèçâîäíîé dg±
dk

. Äëÿ äîñòàòî÷íî ìàëûõ ε óðàâíåíèå (6.26) èìååò åäèíñòâåííûé
êîðåíü k = kε,±, ñòðåìÿùèéñÿ ê íóëþ ïðè ε → 0, ÷òî äîêàçûâàåòñÿ ñîâåðøåííî àíàëîãè÷íî
äîêàçàòåëüñòâó îäíîçíà÷íîé ðàçðåøèìîñòè óðàâíåíèÿ (3.32). Íåòðèâèàëüíîå ðåøåíèå óðàâíåíèÿ
(6.14) ñ f = 0 è k = kε,± îïðåäåëåíî ñ òî÷íîñòüþ äî óìíîæåíèÿ íà ÷èñëîâîé ìíîæèòåëü è èìååò
âèä

gε,± = −T17(ε, kε,±)V ζ±n . (6.27)

Ðåøåíèå ψε,± çàäà÷è (3.18), (6.9), ñîîòâåòñòâóþùåå gε,±, â ñèëó (6.15) ñâÿçàíî ñ gε,± ðàâåíñòâàìè

ψε,± = εT±11(ε, kε,±)gε,±,

gε,± = −V ψε,±.
(6.28)

Åñëè Re kε,± > 0, òî ôóíêöèÿ ψε,±(x) ýêñïîíåíöèàëüíî óáûâàåò ïðè x → ±∞ (ñì. (6.7), (6.8),
(6.9)). Ñëåäîâàòåëüíî, â ýòîì ñëó÷àå ψε,± ïðèíàäëåæèò L2(R) è ïîòîìó ÿâëÿåòñÿ ñîáñòâåííîé
ôóíêöèåé îïåðàòîðà Hε, ñîîòâåòñòâóþùåé ñîáñòâåííîìó çíà÷åíèþ λε,± := µ±n (ε2) ∓ k2

ε,±. Ñàìî
ñîáñòâåííîå çíà÷åíèå λε,± ÿâëÿåòñÿ ïðîñòûì. Åñëè æå Re kε,± 6 0, òî ôóíêöèÿ ψε,± íå ÿâëÿåòñÿ
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ýëåìåíòîì L2(R), è â ýòîì ñëó÷àå îïåðàòîð Hε íå èìååò ñîáñòâåííîãî çíà÷åíèÿ, óäîâëåòâîðÿþ-
ùåãî ðàâåíñòâó (1.13).

Èç (6.23), (6.27) âûâîäèì, ÷òî â íîðìå L2(−x0, x0) âûïîëíåíî ðàâåíñòâî

gε,±(x) = −V (x)ζ±n
(x

ε
, ε2

)
+O(ε). (6.29)

Â ñèëó (6.18), (6.21) è ãîëîìîðôíîñòè ôóíêöèè ζn ïî ε2 îòñþäà ñëåäóåò, ÷òî

ψε,±(x) = − ε3c±(ε2)T±16(ε)gε,±
κ±(ε, kε,±)− κ−1

± (ε, kε,±)
ζ±n

(x

ε
, ε2

)
+O(ε2), (6.30)

gε,±(x) =
ε3c±(ε2)T±16(ε)gε,±

κ±(ε, kε,±)− κ−1
± (ε, kε,±)

V (x)ζ±n
(x

ε
, ε2

)
+O(ε2), (6.31)

ãäå ðàâåíñòâî (6.30) âûïîëíåíî â íîðìå W 2
2 (Q) äëÿ ëþáîãî Q ∈ C, à ðàâåíñòâî (6.31) � â íîðìå

L2(−x0, x0). Òàê êàê â ñèëó ëåììû Ðèìàíà � Ëåáåãà

x0∫

−x0

V 2(x) cos
2πnx

ε
dx = o(1), ε → 0,

èç (2.11), (2.13) ïîëó÷àåì

∥∥V ζ±n
∥∥2

L2(−x0,x0)
=

∥∥V ζ±n,0

∥∥2

L2(−x0,x0)
+O(ε2) = ‖V ‖2L2(−x0,x0)

+ o(1), (6.32)

ãäå
ζ±n = ζ±n

(x

ε
, ε2

)
, ζ±n,0 = ζ±n,0

(x

ε

)
.

Óìíîæèì ñêàëÿðíî (6.29) è (6.31) íà V (x)ζ±n
(x

ε
, ε2

)
â L2(−x0, x0). Ïîëó÷èì

∥∥∥V (x)ζ±n
(x

ε
, ε2

)∥∥∥
L2(−x0,x0)

(
1 +

ε3c±(ε2)T±16(ε)gε,±
κ±(ε, kε,±)− κ−1

± (ε, kε,±)

)
= O(ε),

îòêóäà â ñèëó (6.32)

− ε3c±(ε2)T±16(ε)gε,±
κ±(ε, kε,±)− κ−1

± (ε, kε,±)
= 1 +O(ε).

Èç ïîëó÷åííîãî ðàâåíñòâà, (2.13) è (6.30) âûâîäèì, ÷òî

ψε,±(x) = ζ±n,0

(x

ε

)
+O(ε), (6.33)

â íîðìå W 2
2 (Q) äëÿ âñåõ Q ∈ C.

Òàêèì îáðàçîì, äîêàçàíà

Ëåììà 6.6. Âåðíî óòâåðæäåíèå òåîðåìû 1.4. Îïåðàòîð Hε èìååò ñîáñòâåííîå çíà÷åíèå
λε,± òîãäà è òîëüêî òîãäà, êîãäà Re kε,± > 0, êîòîðîå äàåòñÿ â ýòîì ñëó÷àå ðàâåíñòâîì

λε,± = µ±n (ε2)∓ k2
ε,±,

à ñîîòâåòñòâóþùàÿ ñîáñòâåííàÿ ôóíêöèÿ ψε,± îïðåäåëÿåòñÿ ôîðìóëàìè (6.27), (6.28). Äëÿ
ôóíêöèè ψε,± âåðíî ðàâåíñòâî (6.33).
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Èç âèäà ôóíêöèè g+(ε, k) è (6.7) ñëåäóåò ðàâåíñòâî

g+(ε, k) = (−1)n+1 c+(ε2)πn√
D̃+(ε2)− k2

T+
16(ε)(I + εV T+

14(ε))
−1V (x)ζ+

n

(x

ε
, ε2

)
+O(εk).

Ïîäñòàâèâ ýòî ðàâåíñòâî â óðàâíåíèå (6.26) ñ k = kε,+, ïîëó÷èì

kε,+

(
1 +O(ε2)

)
= (−1)n+1 εc+(ε2)πn√

D̃+(ε2)− k2
ε,+

T+
16(ε)(I + εV T14(ε))−1V (x)ζ+

n

(x

ε
, ε2

)
.

Îòñþäà ââèäó (6.6), (6.21), ãîëîìîðôíîñòè ôóíêöèè c+(ε2) ïî ε2, âåùåñòâåííîñòè ôóíêöèè ζ+
n è

íåðàâåíñòâà (−1)n+1c+(0) < 0 âûòåêàåò, ÷òî óñëîâèå Re kε,+ > 0 ýêâèâàëåíòíî (1.14). Óòâåðæäå-
íèå (2) òåîðåìû 1.5 äîêàçàíî.

Â ñëåäóþùåì ïàðàãðàôå íàì ïîíàäîáèòñÿ âñïîìîãàòåëüíàÿ ëåììà, êîòîðóþ óäîáíî ñôîðìó-
ëèðîâàòü â íàñòîÿùåì ïàðàãðàôå.

Ëåììà 6.7. Äëÿ äîñòàòî÷íî ìàëûõ ε è k âåðíî ïðåäñòàâëåíèå

(I + εV T±11(ε, k))−1f =
εT±18(ε, k)f
k − kε,±

gε,± + T±19(ε, k)f,

ãäå ëèíåéíûé ôóíêöèîíàë T±18 : L2(−x0, x0) → C è îïåðàòîð T±19 : L2(−x0, x0) → L2(−x0, x0)
îãðàíè÷åíû ðàâíîìåðíî ïî ε è k.

Äîêàçàòåëüñòâî ëåììû àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 3.11 è îñíîâàíî íà óðàâíåíèÿõ
(6.24)�(6.26), ðàâåíñòâå (6.23) è ôîðìóëàõ (2.13), (6.6), (6.7), (6.27).

§ 7. Àñèìïòîòèêè ñîáñòâåííûõ çíà÷åíèé
â êîíå÷íîé ëàêóíå

Â íàñòîÿùåì ïàðàãðàôå ìû äîêàæåì óòâåðæäåíèå (1) òåîðåìû 1.5, à òàêæå òåîðåìû 1.6 è 1.7.
Îñíîâó äîêàçàòåëüñòâ ñîñòàâÿò àñèìïòîòè÷åñêèå ðàçëîæåíèÿ ÷èñåë

λ
(n)
ε,± := µ±n (ε2)∓ k2

ε,±,

ãäå kε,± � ðåøåíèÿ óðàâíåíèé (6.26). Êàê è â § 5, ìû íà÷íåì ñ ôîðìàëüíîãî ïîñòðîåíèÿ àñèìïòî-
òè÷åñêèõ ðàçëîæåíèé äàííûõ ÷èñåë è ñîîòâåòñòâóþùèõ èì íåòðèâèàëüíûõ ðåøåíèé ψε,± çàäà÷è
(3.18), (6.9) èç (6.28), à çàòåì äàäèì ñòðîãîå îáîñíîâàíèå.

Àñèìïòîòèêó ÷èñëà λε,± ïîñòðîèì â âèäå ñîîòâåòñòâóþùåãî ðÿäà (1.15) èëè (1.17), à àñèìï-
òîòèêó ñîîòâåòñòâóþùåé åìó ôóíêöèè ψε,± èùåì â âèäå

ψε,±(x) = h(x, τ±ε )
(

ζ±n,0(ξ) +
∞∑

i=1

εiψ±i (x, ξ)
)

, (7.1)

ãäå ôóíêöèÿ h îïðåäåëåíà ðàâåíñòâîì (5.2). Àñèìïòîòèêó ôóíêöèè τ±ε ïîñòðîèì ñëåäóþùèì
îáðàçîì:

τ±ε =
∞∑

i=2

εiτ±i . (7.2)
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Öåëüþ ôîðìàëüíîãî ïîñòðîåíèÿ ÿâëÿåòñÿ îïðåäåëåíèå âèäà ôóíêöèé ψ±i è ÷èñåë λ±i := λ
(n)
i,± è

τ±i . Ôóíêöèè ψ±i áóäåì èñêàòü 1-ïåðèîäè÷åñêèìè ïî ξ, åñëè n ÷åòíî, è 1-àíòèïåðèîäè÷åñêèìè, åñ-
ëè n íå÷åòíî. Ïîòðåáóåì òàêæå, ÷òîáû ôóíêöèè ψ±i ïðèíàäëåæàëè ïðîñòðàíñòâó V êàê ôóíêöèè
ïåðåìåííîé x. Êàê è â § 5, àíçàö (7.1) âûáðàí òàê, ÷òîáû îí èìåë òó æå ñòðóêòóðó ïðè |x| > x0,
÷òî è ôóíêöèè Θ±± èç (6.8). Â ÷àñòíîñòè, òðåáîâàíèå 1-ïåðèîäè÷íîñòè (1-àíòèïåðèîäè÷íîñòè)
ôóíêöèé ψ±i îáúÿñíÿåòñÿ 1-ïåðèîäè÷íîñòüþ (1-àíòèïåðèîäè÷íîñòüþ) ôóíêöèé

e−ξ ln((−1)n)Θ+
per,±(ξ, ε, k),

eξ ln((−1)n)Θ−per,±(ξ, ε, k)

(ñì. (6.7), (6.8), (7.2)).
Ïåðåéäåì ê ôîðìàëüíîìó ïîñòðîåíèþ àñèìïòîòèê. Ïîäñòàâèì (7.1), (7.2) è ñîîòâåòñòâóþùèé

èç ðÿäîâ (1.15), (1.17) â óðàâíåíèå (3.18) ñ f = 0, ïîäåëèì ïîëó÷åííîå óðàâíåíèå íà h(x, τ±ε ), ðàç-
ëîæèì â àñèìïòîòè÷åñêèé ðÿä ïî ñòåïåíÿì ε è ñîáåðåì êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ
ε. Â ðåçóëüòàòå ïðèõîäèì ê ñëåäóþùèì óðàâíåíèÿì äëÿ ôóíêöèé ψ±i :

−
(

∂2

∂ξ2
+ π2n2

)
ψ±i+2 = 2

∂2

∂x∂ξ
ψ±i+1 +

(
∂2

∂x2
− a− V

)
ψ±i

+
i∑

j=0

(
2h

(1)
j

∂

∂x
+ h

(2)
j + λ±j

)
ψ±i−j + 2

i+1∑

j=2

h
(1)
j

∂

∂ξ
ψ±i−j+1, (x, ξ) ∈ R2, (7.3)

ãäå i > −1, a = a(ξ), V = V (x), ψ±−1 := 0, ψ±0 (x, ξ) := ζ±n,0(ξ), h
(1)
i = h

(2)
i := 0, i = 0, 1. Ôóíêöèè

h
(1)
i = h

(1)
i (x, τ±i ) è h

(2)
i = h

(2)
i (x, τ±i ), τ±i := (τ±2 , . . . , τ±i ), i > 2, ÿâëÿþòñÿ, ñîîòâåòñòâåííî,

êîýôôèöèåíòàìè ðàçëîæåíèÿ ôóíêöèé h′(x, τ±ε )/h(x, τ±ε ) è h′′(x, τ±ε )/h(x, τ±ε ) â àñèìïòîòè÷åñêèé
ðÿä ïî ñòåïåíÿì ε è óäîâëåòâîðÿþò ðàâåíñòâàì (5.5) ñ τ i = τ±i äëÿ i > 2, ãäå h̃

(j)
i ∈ C∞(R) ∩ V,

è, â ÷àñòíîñòè,

h̃
(1)
2 (x) = h̃

(2)
2 (x) = 0. (7.4)

Ïðè ±x > x0 ñïðàâåäëèâû ðàâåíñòâà

h
(1)
i (x, τ i) = ∓τi,

h
(2)
i (x, τ i) =

i−2∑

j=2

τjτi−j ,
(7.5)

ãäå τp = τ+
p èëè τp = τ−p . Äàííûå ðàâåíñòâà âûòåêàþò èç (5.7) è (7.2).

Â ñèëó ëåììû 2.5 óðàâíåíèÿ (7.3) ðàçðåøèìû â êëàññå 1-ïåðèîäè÷åñêèõ ïî ξ ôóíêöèé äëÿ
÷åòíûõ n è 1-àíòèïåðèîäè÷åñêèõ ïî ξ ôóíêöèé äëÿ íå÷åòíûõ n, åñëè âûïîëíåíû ñëåäóþùèå
óñëîâèÿ ðàçðåøèìîñòè:

2
d

dx

1∫

0

ζ±n,0ψ
±
i+1 dξ = c±0

(
d2

dx2
− V

) 1∫

0

ζ∓n,0ψ
±
i dξ − 2

i+1∑

j=2

h
(1)
j

1∫

0

ζ±n,0ψ
±
i−j+1 dξ

+ c±0

i∑

j=0

(
2h

(1)
j

d

dx
+ h

(2)
j + λ±j

) 1∫

0

ζ∓n,0ψ
±
i−j dξ − c±0

1∫

0

aζ∓n,0ψ
±
i dξ, x ∈ R,

(7.6)
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2
d

dx

1∫

0

ζ∓n,0ψ
±
i+1 dξ = −c±0

(
d2

dx2
− V

) 1∫

0

ζ±n,0ψ
±
i dξ − 2

i+1∑

j=2

h
(1)
j

1∫

0

ζ∓n,0ψ
±
i−j+1 dξ

− c±0

i∑

j=0

(
2h

(1)
j

d

dx
+ h

(2)
j + λ±j

) 1∫

0

ζ±n,0ψ
±
i−j dξ + c±0

1∫

0

aζ±n,0ψ
±
i dξ, x ∈ R,

(7.7)
ãäå

c±0 := ± 1
πn

, i > 0.

Ïðè âûâîäå äàííûõ óðàâíåíèé ìû òàêæå âîñïîëüçîâàëèñü ðàâåíñòâîì

d

dξ
ζ±n,0(ξ) = − 1

c±0
ζ∓n,0(ξ) (7.8)

è ïðîâåëè îäíîêðàòíîå èíòåãðèðîâàíèå ïî ÷àñòÿì â íåêîòîðûõ èíòåãðàëàõ, ïðåäïîëàãàÿ, ÷òî
ôóíêöèè ψj 1-ïåðèîäè÷íû (1-àíòèïåðèîäè÷íû) ïî ξ.

Äëÿ èññëåäîâàíèÿ ðàçðåøèìîñòè óðàâíåíèé (7.6), (7.7), íàì ïîíàäîáèòñÿ ñëåäóþùåå î÷åâèä-
íîå óòâåðæäåíèå.

Ëåììà 7.1. Ïóñòü f ∈ C(R). Óðàâíåíèå

2
du

dx
= f, x ∈ R,

èìååò ðåøåíèå u ∈ C1(R) ∩ V òîãäà è òîëüêî òîãäà, êîãäà supp f ⊆ [−x0, x0]. Â ýòîì ñëó÷àå
ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå äàííîãî óðàâíåíèÿ, óäîâëåòâîðÿþùåå ðàâåíñòâó

u(x0) + u(−x0) = 0, (7.9)
êîòîðîå èìååò âèä

u(x) =
∫

R

sgn(x− t)f(t) dt.

Èç óðàâíåíèÿ (7.3) äëÿ ôóíêöèè ψ±1 ñëåäóåò, ÷òî îíà èìååò âèä

ψ±1 (x, ξ) = u±1,0(x)ζ±n,0(ξ) + u±1,1(x)ζ∓n,0(ξ), (7.10)

ãäå u±1,j(x) � íåêîòîðûå ôóíêöèè. Äàííîå ïðåäñòàâëåíèå äëÿ ôóíêöèè ψ±1 è ðàâåíñòâà (2.20) ñ
N = 1 ïîçâîëÿþò ïåðåïèñàòü óðàâíåíèÿ (7.6), (7.7), ñ i = 0 ñëåäóþùèì îáðàçîì:

2
du±1,0

dx
= 0, (7.11)

2
du±1,1

dx
= f±1,1, (7.12)

ãäå x ∈ R è f±1,1 := c±0
(
V + µ±n,0 − λ±0

)
.

ßñíî, ÷òî ψ±1 (·, ξ) ∈ V, åñëè u±1,j ∈ V, j = 0, 1. Â ñèëó ëåììû 7.1 óðàâíåíèÿ (7.11), (7.12)
ðàçðåøèìû â êëàññå V, åñëè λ±0 âûáðàíî ñîãëàñíî (1.16), (1.18), ïðè÷åì ðåøåíèÿ ýòèõ óðàâíåíèé
èìåþò âèä

u±1,0 = 0, u±1,1 = ũ±1 (x) + c±1 , ũ±1 (x) = c±0

∫

R

sgn(x− t)V (t) dt, (7.13)
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ãäå c±1 � íåêîòîðàÿ êîíñòàíòà, à ôóíêöèÿ ũ1 óäîâëåòâîðÿåò ðàâåíñòâó (7.9).
Çàìå÷àíèå 7.1. Ðåøåíèå óðàâíåíèÿ (7.11) îïðåäåëåíî ñ òî÷íîñòüþ äî êîíñòàíòû. Áåç îãðà-

íè÷åíèÿ îáùíîñòè ìû ïîëàãàåì ýòó êîíñòàíòó ðàâíîé íóëþ, òàê êàê ýòîãî âñåãäà ìîæíî äîáèòüñÿ,
óìíîæàÿ àñèìïòîòèêó (7.1) íà ïîäõîäÿùèé ÷èñëîâîé ìíîæèòåëü.

Òàê êàê óðàâíåíèÿ (7.6), (7.7) âûïîëíåíû äëÿ i = 0, óðàâíåíèå (7.3) ñ i = 0 ðàçðåøèìî â êëàñ-
ñå 1-ïåðèîäè÷åñêèõ (1-àíòèïåðèîäè÷åñêèõ) ôóíêöèé. Èñïîëüçóÿ (7.8), (7.10), (7.13) è ôîðìóëû
(1.16), (1.18) äëÿ λ±0 , íåòðóäíî ïðîâåðèòü, ÷òî óðàâíåíèå (7.3) ñ i = 0 èìååò âèä

−
(

∂2

∂ξ2
+ π2n2

)
ψ±2 =

(−a + µ±n,0

)
ζ±n,0, (x, ξ) ∈ R2.

Ñîãëàñíî ëåììå 2.5 ðåøåíèå äàííîãî óðàâíåíèÿ äàåòñÿ ôîðìóëîé

ψ±2 (x, ξ) = ψ̃±2 (x, ξ) + u±2,0(x)ζ±n,0(ξ) + u±2,1(x)ζ∓n,0(ξ),

ψ̃±2 (x, ξ) = Ln[−aζ±n,0 + µ±n,0ζ
±
n,0](ξ) = ζ̃±n,1(ξ),

(7.14)

ãäå ïîñëåäíåå ðàâåíñòâî âûòåêàåò èç (2.23) ñ N = 1.
Ïîäñòàâèì (7.10), (7.13), (7.14) â óðàâíåíèÿ (7.6), (7.7) ñ i = 1 è ó÷òåì ñîîòíîøåíèÿ (5.5),

(7.4), (2.20) ñ N = 1 è îðòîãîíàëüíîñòü ôóíêöèè ζ̃±n,1 ôóíêöèÿì ζ+
n,0 è ζ−n,0 â L2(0, 1). Ïîëó÷èì

2
du±2,0

dx
= f±2,0,

2
du±2,1

dx
= f±2,1 = −c±0 λ±1 , x ∈ R, (7.15)

f±2,0 = c±0

(
d2

dx2
− V

)
u±1,1 + 2c±0 µ±n,0u

±
1,1 + 2τ±2

d

dx
(|x|(1− χ(x))) ,

Ðåøåíèÿ ýòèõ óðàâíåíèé áóäåì èñêàòü â êëàññå V, ÷òî îáúÿñíÿåòñÿ ðàâåíñòâàìè (7.14) è òðåáî-
âàíèåì ψ±2 (·, ξ) ∈ V.

ßñíî, ÷òî f±2,j ∈ V, j = 0, 1, ïîýòîìó âëîæåíèå supp f±2,1 ⊆ [−x0, x0] ýêâèâàëåíòíî ôîðìóëàì
(1.16), (1.18) äëÿ λ±1 , à âëîæåíèå supp f±2,0 ⊆ [−x0, x0] � ðàâåíñòâàì

f±2,0(x0) + f±2,0(−x0) = 0,

f±2,0(x0)− f±2,0(−x0) = 0.

Ó÷èòûâàÿ óñëîâèå (7.9) äëÿ ôóíêöèè ũ±1 , íåòðóäíî ïðîâåðèòü, ÷òî ïîñëåäíèå äâà ðàâåíñòâà
âûïîëíåíû, åñëè ïîëîæèòü

c±1 = 0,

τ±2 = −c±0 µ±n,0ũ
±
1 (x0) = ∓ µn,0

π2n2

∫

R

V (x) dx, (7.16)

ãäå µn,0 =
√

a2
n + b2

n. Ñëåäîâàòåëüíî,

u±2,0(x) =
∫

R

sgn(x− t)f±2,0(t) dt,

u±2,1(x) = ũ±2 (x) + c±2 , (7.17)
ũ±2 (x) ≡ 0,

ãäå c±2 � íåêîòîðàÿ êîíñòàíòà.

Ëåììà 7.2. Ñóùåñòâóþò ðåøåíèÿ óðàâíåíèé (7.3), (7.6), (7.7), âèäà
ψ±i (x, ξ) = ψ̃±i (x, ξ) + u±i,0(x)ζ±n,0(ξ) + u±i,1(x)ζ∓n,0(ξ), (7.18)
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ãäå

ψ̃±i (x, ξ) = Ln[G±i (x, ·)](ξ) =
m±i∑

j=2

u±i,j(x)ψ±i,j(ξ), (7.19)

u±i,0(x) =
∫

R

sgn(x− t)f±i,0(x) dx,

u±i,1(x) = ũ±i (x) + c±i ,

ũ±i (x) =
∫

R

sgn(x− t)f±i,1(x) dx,

(7.20)

G±i =2
∂2

∂x∂ξ
ψ̃±i−1 +

(
∂2

∂x2
− V − a

)
ψ̃±i−2 + ζ±n,0

1∫

0

aζ±n,0ψ̃
±
i−2 dξ

+ ζ∓n,0

1∫

0

aζ∓n,0ψ̃
±
i−2 dξ + 2

i−3∑

j=2

h
(1)
j

∂

∂ξ
ψ̃±i−j−1 −

(
a− µ±n,0

)
ζ±n,0u

±
i−2,0

+
i−4∑

j=0

(
2h

(1)
j

∂

∂x
+ h

(2)
j + λ±j

)
ψ̃±i−j−2 −

(
a + µ±n,0

)
ζ∓n,0u

±
i−2,1, (7.21)

f±i,0 =c±0

(
d2

dx2
− V

)
u±i−1,1 − c±0

1∫

0

aζ∓n,0ψ̃
±
i−1 dξ − 2

i∑

j=2

h
(1)
j u±i−j,0

+ c±0

i−2∑

j=2

(
2h

(1)
j

d

dx
+ h

(2)
j + λ±j

)
u±i−j−1,1 + 2c±0 µ±n,0u

±
i−1,1,

f±i,1 =− c±0

(
d2

dx2
− V

)
u±i−1,0 + c±0

1∫

0

aζ±n,0ψ̃
±
i−1 dξ − 2

i−1∑

j=2

h
(1)
j u±i−j,1

− c±0

i−1∑

j=2

(
2h

(1)
j

d

dx
+ h

(2)
j + λ±j

)
u±i−j−1,0,

(7.22)

m±i � íåêîòîðûå ÷èñëà, G±i = G±i (x, ξ), f±i,j = f±i,j(x), V = V (x), a = a(ξ), ζ±n,0 := ζ±n,0(ξ),
ψ̃±−1 = ψ̃±0 := 0, u±0,0(x) ≡ 1, u±−1,j = u±0,1 := 0, u±i,j ∈ C∞(R) ∩ V, supp f±i,p(x) ⊆ [−x0, x0],
p = 0, 1, ôóíêöèè ψ±i,j 1-ïåðèîäè÷íû äëÿ ÷åòíûõ n è 1-àíòèïåðèîäè÷íû äëÿ íå÷åòíûõ n è
óäîâëåòâîðÿþò ðàâåíñòâàì

1∫

0

ζ+
n,0(ξ)ψ

±
i,j(ξ) dξ =

1∫

0

ζ−n,0(ξ)ψ
±
i,j(ξ) dξ = 0. (7.23)

Ôóíêöèè u±i,0 è ũ±i óäîâëåòâîðÿþò óñëîâèþ (7.9). ×èñëà λ±i , τ±i è c±i äàþòñÿ ôîðìóëàìè

λ±i = −
i−2∑

j=2

τ±j τ±i−j + a±i,+ +
2
c±0

i∑

j=2

τ±j ũ±i−j+1, (7.24)

τ±i =
c±0
2

(
ã±i−1,− − 2µ±n,0ũ

±
i−1 −

i−2∑

j=2

l±j ũ±i−j−1

)
(7.25)
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c±i =
1

2µ±n,0


ã±i,+ −

i−2∑

j=2

l±j c±i−j −
2
c±0

i−1∑

j=2

τ±j u±i−j+1


 , (7.26)

ãäå l±i := λ±i +
i−2∑
j=2

τ±j τ±i−j, à ÷èñëà a±i,±, ã±i,± u±i , ũ±i îïðåäåëåíû â (7.27).

Äîêàçàòåëüñòâî. Óòâåðæäåíèå ëåììû î ψ±1 , ψ̃±2 , u±i,j , i = 1, 2, j = 0, 1, λ±0 , ũ±2,1, λ±1 , c±1 è
τ±2 ñëåäóåò èç (7.10), (7.13), (7.14), (7.16), (7.17) è ôîðìóë (1.16), (1.18) äëÿ λ±0 è λ±1 .

Äàëåå ïðèìåíèì èíäóêöèþ. Äîïóñòèì, ÷òî ôîðìóëû (7.18), (7.19), (7.23) âåðíû äëÿ i 6 m+1,
ôîðìóëû (7.20), (7.25) � äëÿ i 6 m, ôîðìóëû (7.24), (7.26) � äëÿ i 6 m− 1. Äîêàæåì, ÷òî â ýòî
ñëó÷àå âåðíî óòâåðæäåíèå ëåììû î ψ±m+2, ψ̃±m+2, u±m+1,0, u±m+1,1, ũ±m+1, λ±m, τ±m+1 è c±m.

Âñþäó â äîêàçàòåëüñòâå ëåììû îáîçíà÷àåì ÷åðåç (·, ·) ñêàëÿðíîå ïðîèçâåäåíèå â L2(0, 1).
Ââåäåì òàêæå ñëåäóþùèå îáîçíà÷åíèÿ:

ψ̂±i,+(ξ) :=
ψ̃±i (x0, ξ) + ψ̃±i (−x0, ξ)

2
,

ψ̂±i,−(ξ) :=
ψ̃±i (x0, ξ)− ψ̃±i (−x0, ξ)

2
,

a±i,+ := (ζ±n,0, aψ̂±i,+), a±i,− := (ζ±n,0, aψ̂±i,−),

ã±i,+ := (ζ∓n,0, aψ̂±i,+), ã±i,− := (ζ∓n,0, aψ̂±i,−),

u±i := ui,0(x0), ũ±i := ui,1(x0).

(7.27)

Èç ôîðìóë (1.16), (1.18) äëÿ λ±0 , λ±1 è ñîîòíîøåíèé (7.10), (7.13), (7.14), (7.16), (7.17) âûòåêàåò

u±1 = ũ±2 = 0,

ψ̂±j,+ = ψ̂±j,− = ψ̂±2,− = 0, j = 0, 1,

a±1,+ = a±1,− = ã±1,+ = ã±1,− = 0,

l±0 = µ±n,0, l±1 = 0.

(7.28)

Ñîãëàñíî èíäóêöèîííîìó ïðåäïîëîæåíèþ ôóíêöèè ψ±i,j , j > 2, i 6 m + 1, óäîâëåòâîðÿþò ðàâåí-
ñòâàì (7.23). Ó÷èòûâàÿ ýòè ðàâåíñòâà, (7.28) è (2.20) ñ N = 1 è ïîäñòàâëÿÿ ïðåäñòàâëåíèÿ (7.18),
(7.19) â óðàâíåíèÿ (7.6), (7.7) c i = m + 1, ïîëó÷àåì

2
d

dx
u±m+1,j = f±m+1,j , x ∈ R, j = 0, 1, (7.29)

ãäå ôóíêöèè f±m+1,j ∈ C∞(R) ∩ V äàþòñÿ ôîðìóëàìè (7.22). Ðåøåíèÿ ýòèõ óðàâíåíèé áóäåì
èñêàòü â ïðîñòðàíñòâå V, ÷òîáû îáåñïå÷èòü ïðèíàäëåæíîñòü ψ±m+1(·, ξ) ∈ V. Ñîãëàñíî ëåììå 7.1
óñëîâèåì ðàçðåøèìîñòè óðàâíåíèé (7.29) â ïðîñòðàíñòâå V ÿâëÿåòñÿ âëîæåíèå supp f±m+1,j ⊆
[−x0, x0]. ßñíî, ÷òî äàííûå âëîæåíèÿ ýêâèâàëåíòíû ðàâåíñòâàì

f±m+1,j,+ = f±m+1,j,− = 0,

ãäå

f±m+1,j,+ :=
f±m+1,j(x0) + f±m+1,j(−x0)

2
,

f±m+1,j,− :=
f±m+1,j(x0)− f±m+1,j(−x0)

2
.

Èç ôîðìóë (7.22) äëÿ f±m+1,j,±, (7.20) ñ i 6 m, óñëîâèÿ (7.9) äëÿ ôóíêöèé u±i,0, ũ±i , i 6 m,
ðàâåíñòâ (7.5), (7.16), (7.28) è îïðåäåëåíèÿ ÷èñåë f±m+1,j,±, ñëåäóåò, ÷òî
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f±m+1,0,+ = −c±0 ã±m,+ + 2
m−1∑

j=2

τ±j u±m−j+1 + c±0

m−2∑

j=2

l±j c±m−j + 2c±0 µ±n,0c
±
m,

f±m+1,0,− = −c±0 ã±m,− + 2τ±m+1 + c±0

m−1∑

j=2

l±j ũ±m−j + 2c±0 µ±n,0ũ
±
m,

f±m+1,1,+ = c±0 a±m,+ + 2
m∑

j=2

τ±j ũ±m−j+1 − c±0 l±m, (7.30)

f±m+1,1,− = c±0 a±m,− + 2
m−1∑

j=2

τ±j c±m−j+1 − c±0

m−2∑

j=2

l±j u±m−j .

×èñëà f±m+1,0,+, f±m+1,0,−, f±m+1,1,+ îáðàùàþòñÿ â íóëü, åñëè c±m, τ±m+1 è λ±m îïðåäåëåíû ñîãëàñíî
(7.24), (7.25), (7.26).

Äîêàæåì, ÷òî f±m+1,1,− = 0. Èç ôîðìóë (7.19) è (7.28) âûòåêàåò, ÷òî ôóíêöèè ψ̂±i,± 1-
ïåðèîäè÷íû äëÿ ÷åòíûõ n è 1-àíòèïåðèîäè÷íû äëÿ íå÷åòíûõ è óäîâëåòâîðÿþò óðàâíåíèÿì

(
d2

dξ2
+ π2n2

)
ψ̂±2,+ = (a− µ±n,0)ζ

±
n,0, ξ ∈ R, (7.31)

(
d2

dξ2
+ π2n2

)
ψ̂±i+2,+ = 2

i−2∑

j=2

τ±j
d

dξ
ψ̂±i−j+1,− + aψ̂±i,+ − a±i,+ζ±n,0 − ã±i,+ζ∓n,0

−
i−2∑

j=0

l±j ψ̂±i−j,+ + c±i (a + µ±n,0)ζ
∓
n,0, ξ ∈ R, i > 1, (7.32)

(
d2

dξ2
+ π2n2

)
ψ̂±i+2,− = 2

i−1∑

j=2

τ±j
d

dξ
ψ̂±i−j+1,+ + aψ̂±i,− − a±i,−ζ±n,0 − ã±i,−ζ∓n,0

−
i−3∑

j=0

l±j ψ̂±i−j,− + u±i (a− µ±n,0)ζ
±
n,0 + ũ±i (a + µ±n,0)ζ

∓
n,0, ξ ∈ R, i > 1.

(7.33)

Ïðè âûâîäå ýòèõ óðàâíåíèé ìû òàêæå ó÷ëè ðàâåíñòâà (7.28). Èñïîëüçóÿ óðàâíåíèÿ (7.31)�(7.33)
è ðàâåíñòâà (7.23), (7.28), âû÷èñëèì ñëåäóþùóþ ñóììó:

a±m,− +
m−1∑

j=2

c±j ã±m−j,− =
(
ψ̂±m,−, (a− µ±n,0)ζ

±
n,0

)
+

m−1∑

j=1

c±j
(
ψ̂±m−j,−, (a + µ±n,0)ζ

∓
n,0

)

=
m−3∑

j=0

(
ψ̂±m−j,−,

(
d2

dξ2
+ π2n2

)
ψ̂±j+2,+

)
−2

m−1∑

j=1

j−2∑
p=2

τ±p

(
ψ̂±m−j,−,

d

dξ
ψ̂±j−p+1,−

)

−
m−1∑

j=2

(
ψ̂±m−j,−, aψ̂±j,+

)
+

m−3∑

j=1

m−2∑
p=0

l±p
(
ψ̂±m−j,−, ψ̂±j−p,+

)
.

Ñîâåðøåííî àíàëîãè÷íî (5.26) íåñëîæíî ïîêàçàòü, ÷òî âòîðîå ñëàãàåìîå â ïðàâîé ÷àñòè ïîñëåä-
íåãî ðàâåíñòâà ðàâíî íóëþ. Ïðîèçâîäÿ çàìåíó èíäåêñà ñóììèðîâàíèÿ j 7→ m−j−2 è äâóêðàòíîå
èíòåãðèðîâàíèå ïî ÷àñòÿì â ïåðâîì ñëàãàåìîì â ïðàâîé ÷àñòè ïîñëåäíåãî ðàâåíñòâà, çàìåíó èí-
äåêñà ñóììèðîâàíèÿ j 7→ m− j â òðåòüåì ñëàãàåìîì, ñ ó÷åòîì (7.28), (7.31)�(7.33) ïîëó÷àåì
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a±m,− +
m−1∑

j=2

c±j ã±m−j,− = 2
m−2∑

j=1

j−1∑
p=2

τ±p

(
ψ̂±m−j,+,

d

dξ
ψ̂±j−p+1,+

)
+

m−2∑

j=2

u±j a±m−j,+

+
m−2∑

j=1

ũ±j ã±m−j,+ −
m−2∑

j=1

j−3∑
p=0

l±p
(
ψ̂±m−j,+, ψ̂±j−p,−

)
+

m−3∑

j=1

j−2∑
p=0

l±p
(
ψ̂±m−j,−, ψ̂±j−p,+

)
.

Àíàëîãè÷íî (5.26) äîêàçûâàåòñÿ, ÷òî ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè ïîñëåäíåãî ðàâåíñòâà
ðàâíî íóëþ. Ñóììà ÷åòâåðòîãî è ïÿòîãî ñëàãàåìûõ ðàâíà íóëþ, ÷òî ñëåäóåò èç ðàâåíñòâ (7.28)
è ëåììû 2.6 ñ p = m, s = 1, Aj = l±j , Bi,j =

(
ψ̂±i,+, ψ̂±j,−

)
. Ñëåäîâàòåëüíî,

a±m,− +
m−1∑

j=2

c±j ã±m−j,− =
m−2∑

j=2

u±j a±m−j,+ +
m−2∑

j=1

ũ±j ã±m−j,+.

Èñïîëüçóÿ äàííîå ðàâåíñòâî, (7.16), (7.25), (7.26), (7.28) è ïðèìåíÿÿ ëåììó 2.6 ñ p = m, s = 1,
A0 = A1 = 0, Aj = l±j , j > 2, Bi,j = c±i ũ±j , ïîëó÷àåì

a±m,− +
2
c±0

m−1∑

j=2

c±j τ±m−j+1

=
m−2∑

j=2

u±j a±m−j,+ +
m−2∑

j=1

ũ±j ã±m−j,+ − 2µn,0

m−1∑

j=2

ũ±m−jc
±
j −

m−3∑

j=2

m−j−1∑
p=2

l±p c±j ũ±m−j−p

=
m−2∑

j=2

u±j a±m−j,+ +
m−1∑

j=2

ũ±m−j

(
ã±j,+ − 2µ±n,0c

±
j

)−
m−2∑

j=3

j−1∑
p=2

l±p c±m−j ũ
±
j−p

=
m−2∑

j=2

u±j a±m−j,+ +
2
c±0

m−1∑

j=2

j−1∑
p=2

τ±p u±j−p+1ũ
±
m−j .

Ïðåîáðàçóåì ïîñëåäíåå ñëàãàåìîå â ïðàâîé ÷àñòè ïîëó÷åííîãî ðàâåíñòâà:
m−1∑

j=2

j−1∑
p=2

τ±p u±j−p+1ũ
±
m−j =

m−2∑
p=2

m−1∑

j=p+1

τ±p u±j−p+1ũ
±
m−j

=
m−2∑
p=2

m−p∑

j=2

τ±p u±j ũ±m−j−p+1

=
m−2∑

j=2

u±j

m−j∑
p=2

τ±p ũ±m−j−p+1,

Ïîëó÷åííûå ðàâåíñòâà è (7.24) ïîçâîëÿþò ïðîäîëæèòü âû÷èñëåíèÿ:

a±m,− +
2
c±0

m−1∑

j=2

c±j τ±m−j+1 =
m−2∑

j=2

u±j a±m−j,+ +
m−2∑

j=2

u±j

m−j∑
p=2

τ±p ũ±m−j−p+1 =
m−2∑

j=2

u±j l±m−j ,

îòêóäà â ñèëó (7.30) âûòåêàåò ðàâåíñòâî fm+1,1,− = 0.
Òàêèì îáðàçîì, ôóíêöèè f±m+1,0 ôèíèòíû. Â ñèëó ëåììû 7.1 îòñþäà âûâîäèì, ÷òî óðàâíåíèÿ

(7.29) ðàçðåøèìû â V è èõ ðåøåíèÿ äàþòñÿ ôîðìóëàìè (7.20), ãäå c±m+1 � íåêîòîðûå êîíñòàíòû,
à ôóíêöèè ui,0, ũi ∈ C∞(R) ∩ V óäîâëåòâîðÿþò óñëîâèþ (7.9).

Ïîäñòàâëÿÿ ïðåäñòàâëåíèÿ (7.18)�(7.20) äëÿ ôóíêöèé ψ±i , i 6 m + 1, â óðàâíåíèå (7.3) ñ
i = m, ïîëó÷àåì, ÷òî ôóíêöèÿ ψ±m+2 ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

−
(

∂2

∂ξ2
+ π2n2

)
ψ±m+2 = G±m+2, (x, ξ) ∈ R2,
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ãäå ïðàâàÿ ÷àñòü äàåòñÿ ôîðìóëîé (7.21). Ñ ó÷åòîì âèäà ôóíêöèé G±m+2, ðàâåíñòâ (7.23) äëÿ i 6
m+1 è (2.20) ñ N = 1 è ëåììû 2.5, àíàëîãè÷íî (4.13)�(4.15) íåòðóäíî äîêàçàòü, ÷òî ñïðàâåäëèâî
ïðåäñòàâëåíèå (7.18), (7.19) äëÿ ôóíêöèè ψ±m+2, ãäå u±m+2,j , j = 0, 1 � íåêîòîðûå ôóíêöèè, è
âåðíû ðàâåíñòâà (7.23) ñ i = m + 2. ¤

Âû÷èñëèì ÷èñëà τ±3 è τ±4 . Èç ôîðìóë (7.25), (7.28) ñëåäóåò, ÷òî τ±3 = 0. Äîïóñòèì, ÷òî
τ±2 = 0, ò.å. ∫

R

V (x) dx = 0.

Â ýòîì ñëó÷àå ũ±1 = 0. Ñ ó÷åòîì ñäåëàííîãî ïðåäïîëîæåíèÿ èç (7.25) âûâîäèì
τ±4 = c±0

(
ã±3,− − 2µ±n,0ũ

±
3

)
/2.

Â äàííîì ñëó÷àå óðàâíåíèå äëÿ ψ̂±3,− â (7.31)�(7.33) èìååò íóëåâóþ ïðàâóþ ÷àñòü, à ïîòîìó
ψ̂±3,− = 0. Ñëåäîâàòåëüíî, ã±3,− = 0 è

τ±4 = −µ±n,0c
±
0 ũ±3 . (7.34)

Èç (7.14) è (7.24) âûòåêàåò, ÷òî λ±2 = a±2,+, ψ̂±2,+ = ψ̃±2 , ÷òî â ñèëó (5.5), (7.4), (7.22) äàåò

f±3,1 = −c±0

(
d2

dx2 − V

)
u±2,0.

Èç ïîñëåäíåãî ðàâåíñòâà è (7.11)�(7.13), (7.15), (7.16) âûâîäèì

ũ±3 =
∫

R

f±3,1 dx = c±0

∫

R

V u±2,0 dx

= 2
∫

R

u±2,0

dũ±1
dx

= −2
∫

R

ũ±1
du±2,0

dx
dx

= −c±0

∫

R

ũ±1

(
d2

dx2
− V + 2µ±n,0

)
ũ±1 dx

= c±0

(∫

R

(
dũ±1
dx

)2

dx− 2µ±n,0

∫

R

(
ũ±1

)2
dx

)
+ 2

∫

R

(
ũ±1

)2 dũ±1
dx

dx

= c±0

(∫

R

(
dũ±1
dx

)2

dx− 2µ±n,0

∫

R

(
ũ±1

)2
dx

)
,

îòêóäà â ñèëó (7.13), (7.34) ñëåäóåò

τ±4 = −2µ±n,0

π4n4

(
2

∫

R

V 2(x) dx− µ±n,0

∫

R

(∫

R

sgn(x− t)V (t) dt

)2

dx

)
, (7.35)

åñëè ∫

R

V (x) dx = 0.

Ïóñòü m > 2. Îáîçíà÷èì

τ±ε,m :=
m∑

i=2

εiτ±i ,

λ±ε,m :=
π2n2

ε2
+

m∑

i=0

εiλ±i ,

ψ±ε,m(x) := h(x, τ±ε,m)
(

ζ±n,0

(x

ε

)
+

m∑

i=1

εiψ±i
(
x,

x

ε

))
.
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Èç ëåììû 7.2 âûòåêàåò ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 7.3. Ôóíêöèÿ ψ±ε,m ∈ C2(R) ïðè ε → 0 óäîâëåòâîðÿåò ðàâåíñòâó
∥∥∥ψ±ε,m(x)− ζ±n,0

(x

ε

)∥∥∥
L2(Q)

= O(ε)

äëÿ ëþáîãî Q ∈ C. Ôóíêöèè ψ±ε,m è λ±ε,m óäîâëåòâîðÿþò óðàâíåíèþ (5.34) ñ ψε,m = ψ±ε,m, λε,m =
λ±ε,m, fε,m = f±ε,m, ãäå äëÿ ôóíêöèè f±ε,m ñïðàâåäëèâû îöåíêè (5.35).

Äîïóñòèì, ÷òî ñóùåñòâóþò ÷èñëà n± òàêèå, ÷òî τ±i = 0, i 6 n±− 1, τn± 6= 0. Îòìåòèì, ÷òî èç
ôîðìóë (7.16), (7.35) ñëåäóåò, ÷òî ïî êðàéíåé ìåðå îäíî èç ÷èñåë τ−2 , τ−4 íå ðàâíî íóëþ, à ïîòîìó
n− 6 4. Âîçüìåì m > 4n− 2, ãäå n = n− èëè n = n+. Ïîëîæèì

k±ε,m :=
√
±(

µ±n (ε2)− λ±ε,m

)
.

Âåòâü êîðíÿ â ýòîì îïðåäåëåíèè âûáåðåì ñëåäóþùèì îáðàçîì. Åñëè ïîäêîðåííîå âûðàæåíèå
ïîëîæèòåëüíî, òî k±ε,m âîçüìåì ïî çíàêó ñîâïàäàþùèì ñî çíàêîì τn± . Åñëè ïîäêîðåííîå âû-
ðàæåíèå îòðèöàòåëüíî, òî âåëè÷èíó k±ε,m âûáåðåì èç óñëîâèÿ ïîëîæèòåëüíîñòè ìíèìîé ÷àñòè
ýòîãî ÷èñëà. Îáîçíà÷èì

τ±m(ε) := ε−1
(
lnκ±(ε, k±ε,m)− ln((−1)n)

)
.

Ëåììà 7.4. Äëÿ ëþáîãî m âûïîëíåíû ñîîòíîøåíèÿ

τ±m(ε) = τ±ε,m +O(εm−2n±−1), λ+
ε,m 6 µ+

n (ε2), λ−ε,m > µ−n (ε2). (7.36)

Ñïðàâåäëèâû ðàâåíñòâà
λ±2j = µ±n,j , λ±2j+1 = 0, j 6 n± − 2,

λ±2n±−2 = µ±n,n±−1 ∓
2π2n2

(
τ±n±

)2

µn,0
.

(7.37)

Äîêàçàòåëüñòâî. Ñ ó÷åòîì ðàâåíñòâ (6.11) ôóíêöèè Θ±± èç (6.8) âûáåðåì ñëåäóþùèì îá-
ðàçîì:

Θ+
±(ξ) = Θ̃1

±(ξ,κ−1
± ),

Θ−±(ξ) = Θ̃1
±(ξ,κ±),

(7.38)

ãäå ôóíêöèÿ Θ̃1
± èç (6.10). Äàííûå ôóíêöèè ëèíåéíî íåçàâèñèìû, òàê êàê èõ âðîíñêèàí èìååò

âèä
Wξ

(
Θ+
±(ξ), Θ−±(ξ)

)
=

(
κ± − κ−1

±
)
Θ±,2(1) (7.39)

è â ñèëó (6.2), (6.7) íå ðàâåí íóëþ ïðè ìàëûõ ε è k 6= 0. Îáîçíà÷èì

Θ̃+
±(ξ) := e−ξ ln((−1)n)Θ+

per,±(ξ, ε, k±ε,m),

Θ̃−±(ξ) := eξ ln((−1)n)Θ−per,±(ξ, ε, k±ε,m).

Ôóíêöèè Θ̃+
±(ξ) è Θ̃−±(ξ) 1-ïåðèîäè÷íû äëÿ ÷åòíûõ n è 1-àíòèïåðèîäè÷íû äëÿ íå÷åòíûõ n, ÷òî

ñëåäóåò èç ïåðèîäè÷íîñòè ôóíêöèé Θ±per,±. Èç (6.2) âûòåêàåò, ÷òî â íîðìå C2[0, 1] âåðíû ðàâåí-
ñòâà

Θ̃+
±(ξ) = ζ+

n,0(ξ) +O(ε2),

Θ̃−±(ξ) = ζ−n,0(ξ) +O(ε2).

Â ñèëó ëåììû 7.2 ïðè x > x0 ôóíêöèÿ ψε,m èìååò âèä

ψ±ε,m(x) = e−τ±ε,mxψper,±
ε,m

(x

ε

)
,
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ψper,±
ε,m (ξ) = ζ±n,0(ξ) + εψ̃per,±

ε,m (ξ),

ãäå ôóíêöèÿ ψ̃per,±
ε,m (ξ) 1-ïåðèîäè÷íà äëÿ ÷åòíûõ n è 1-àíòèïåðèîäè÷íà äëÿ íå÷åòíûõ n. Èñïîëü-

çóÿ ïåðå÷èñëåííûå âûøå ñâîéñòâà ôóíêöèé ψε,m è Θ̃±±, ëåììó 7.3 è âûáèðàÿ ôóíêöèþ U âìåñòî
(5.39) â âèäå

U(x, ε) := Wx

(
Θ̃+
±

(x

ε

)
, ψper,±

ε,m

(x

ε

))
+

(
τ±m(ε)− τ±ε,m

)
Θ̃+
±

(x

ε

)
ψper,±

ε,m

(x

ε

)

ñîâåðøåííî àíàëîãè÷íî âûâîäó ðàâåíñòâà (5.42) â äîêàçàòåëüñòâå ëåììû 5.4 íåòðóäíî ïîêàçàòü,
÷òî âåðíî ðàâåíñòâî (5.42) ñ τε,m = τ±ε,m, τm(ε) = τ±m(ε). Èç (1.3), (1.5) è ôîðìóë (1.16), (1.18)
äëÿ λ±0 , λ±1 ñëåäóåò, ÷òî k±ε,m → 0, ε → 0. Îòñþäà â ñèëó (6.7) âûòåêàåò

τ±m(ε) =
εk±ε,m

√
µn,0√

2πn
(1 +O(ε)) .

Ïîäñòàíîâêà ïîëó÷åííîãî ðàâåíñòâà â (5.42) äàåò

ε2
µn,0

(
k±ε,m

)2

2π2n2
(1 +O(ε)) =

(
τ±ε,m

)2 +O(εm−1).

Ïîëàãàÿ m = 2n± + 2, ïîëó÷àåì

(
kε,2n±+2

)2 = ε2n±−2
2π2n2

(
τ±n±

)2

µn,0
+O(ε2n±−1) (7.40)

Ñ ó÷åòîì îïðåäåëåíèÿ k±ε,m èç ïîñëåäíåãî ðàâåíñòâà âûâîäèì

λ±ε,2n±−2 = µ±n,0(ε
2)∓ ε2n±−2

2π2n2
(
τ±n±

)2

µn,0
+O(ε2n±−1),

îòêóäà è èç (1.3) ñëåäóþò ôîðìóëû (7.37) è íåðàâåíñòâà (7.36) äëÿ λ±ε,m. Èç ýòèõ íåðàâåíñòâ è
(6.7) âûâîäèì, ÷òî k±ε,m âåùåñòâåííî, à τ±m(ε) è τ±ε,m ñîâïàäàþò ïî çíàêó. Èç ðàâåíñòâà (5.42) äëÿ
τ±m(ε) è τ±ε,m âûòåêàåò ðàâåíñòâî (7.36) äëÿ τm(ε). ¤

Èç äîêàçàííîé ëåììû è (7.17) ñëåäóþò ôîðìóëû (1.16), (1.18).

Ëåììà 7.5. Ñóùåñòâóåò ôóíêöèÿ R±ε,m(x) ∈ C2(R) òàêàÿ, ÷òî ôóíêöèÿ

ψ̂±ε,m := ψ±ε,m(x)−R±ε,m(x)

óäîâëåòâîðÿåò óðàâíåíèþ (3.18) ñ λ = λ±ε,m, f(x) = f̂±ε,m(x), supp f̂±ε,m ⊆ [−x0, x0], è óñëîâèÿì
(6.9) c k = k±ε,m, è âåðíû îöåíêè

‖R±ε,m‖C2(Q) = O(εm−4n±+3),

‖f̂±ε,m‖C[−x0,x0] = O(εm−4n±+3),

äëÿ ëþáîãî èíòåðâàëà Q ∈ C.

Äîêàçàòåëüñòâî ëåììû ïðîâîäèòñÿ ñîâåðøåííî àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 5.5. Ôóíê-
öèè U è Θ±± ñëåäóåò âûáèðàòü òàê æå, êàê è â äîêàçàòåëüñòâå ëåììû 7.4. Âìåñòî îöåíêè (5.44)
ñëåäóåò èñïîëüçîâàòü íåðàâåíñòâî

∣∣∣Wx

(
Θ+
±

(x

ε

)
, Θ−±

(x

ε

))∣∣∣ > Cε3
(
k±ε,m

)3 > Cε3n± ,
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ãäå ïîëîæèòåëüíàÿ êîíñòàíòà C íå çàâèñèò îò ε. Äàííîå íåðàâåíñòâî ÿâëÿåòñÿ ñëåäñòâèåì ñîîò-
íîøåíèé (6.2), (7.38), (7.39).

Îáîçíà÷èì
g±ε,m := f̂±ε,m − V ψ̂±ε,m.

Èç ëåìì 7.3, 7.5 âûâîäèì, ÷òî

∥∥∥g±ε,m(x)− V (x)ζ±n,0

(x

ε

)∥∥∥
L2(−x0,x0)

= O(ε). (7.41)

Ñîãëàñíî ëåììå 7.5 ôóíêöèÿ ψ̂±ε,m ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (3.18), (6.9) ñ λ = λ±ε,m, k = k±ε,m,
f = f̂±ε,m, à ïîòîìó â ñèëó ëåììû 6.4, 6.7

g±ε,m = (I + εV T±11(ε, k
±
ε,m))−1f̂±ε,m

è âåðíî ïðåäñòàâëåíèå

g±ε,m =
T±18(ε, k

±
ε,m)f̂±ε,m

k±ε,m − kε,±
gε,± + T±19(ε, k

±
ε,m)f̂±ε,m. (7.42)

Àíàëîãè÷íî òîìó, êàê èç (5.52) áûëà ïîëó÷åíà îöåíêà (5.54), èç ïîñëåäíåãî ðàâåíñòâà íà îñíîâå
(6.32), (7.41) è ëåìì 6.7, 7.5 íåòðóäíî âûâåñòè, ÷òî

k±ε − k±ε,m = O(εm−4n±+4). (7.43)

Îòñþäà â ñèëó (6.6), (6.7) è (7.40) ñëåäóåò

kε,± = εn±−1

√
2πnτ±n±√

µn,0
+O(εn±).

Â ñèëó ëåììû 6.6 îïåðàòîð Hε èìååò ñîáñòâåííîå çíà÷åíèå λε,±, óäîâëåòâîðÿþùåå ðàâåíñòâó
(1.13) ñ µ = µ±n òîãäà è òîëüêî òîãäà, êîãäà τ±n± > 0. Êàê ñëåäóåò èç (7.43), àñèìïòîòèêà ñîá-
ñòâåííîãî çíà÷åíèÿ λε,± â ýòîì ñëó÷àå ñîâïàäàåò ñ ñîîòâåòñòâóþùèì èç ðÿäîâ (1.15), (1.17), ñ
êîýôôèöèåíòàìè, îïðåäåëåííûìè â íàñòîÿùåì ïàðàãðàôå. Èç ôîðìóë (1.5), (7.13) âûâîäèì, ÷òî
â ñëó÷àå ∫

R

V dx > 0

âûïîëíåíî íåðàâåíñòâî τ−2 > 0. Åñëè ∫

R

V dx = 0,

òî τ−2 = 0, τ−3 = 0, è ñîãëàñíî (7.35) τ−4 > 0. Ñëåäîâàòåëüíî, êðèòåðèåì ñóùåñòâîâàíèÿ ñîáñòâåí-
íîãî çíà÷åíèÿ λε,− ÿâëÿåòñÿ íåðàâåíñòâî ∫

R

V dx > 0.

Óòâåðæäåíèå (1) òåîðåìû 1.5, à òàêæå òåîðåìû 1.6 è 1.7 ïîëíîñòüþ äîêàçàíû.

Äîïóñòèì, ÷òî ñîáñòâåííîå çíà÷åíèå λε,± ñóùåñòâóåò. Âûÿñíèì â ýòîì ñëó÷àå àñèìïòîòèêó
ñîîòâåòñòâóþùåé ñîáñòâåííîé ôóíêöèè ψε,±.

Àíàëîãè÷íî òîìó, êàê áûëî äîêàçàíî (4.23), èç (6.29), (6.32), (7.41) è ëåìì 6.7, 7.3, 7.5 íåòðóä-
íî âûâåñòè ñóùåñòâîâàíèå ôóíêöèè c±(ε), óäîâëåòâîðÿþùåé ðàâåíñòâàì

c±(ε) =
εT±18(ε, k

±
ε,m)f̂±ε,m

k±ε,m − kε,±
+O(εm−4n±+3),

c±(ε) = 1 + o(1), ε → 0,
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äëÿ âñåõ m. Îòñþäà è èç (6.29), (6.32), (7.42), ëåììû 7.5 è ðàâíîìåðíîé îãðàíè÷åííîñòè îïåðàòîðà
T±20 âûâîäèì ðàâåíñòâî

εg±ε,m = c±(ε)gε,± +O(εm−4n±+3), (7.44)

âåðíîå â íîðìå L2(−x0, x0). Â ñèëó (6.15) ôóíêöèÿ ψ̂±ε,m âûðàæàåòñÿ ÷åðåç g±ε,m ñëåäóþùèì
îáðàçîì:

ψ̂±ε.m = εT±11(ε, k
±
ε,m)g±ε,m.

Èç (6.7), (6.18) ñëåäóåò, ÷òî äëÿ ëþáîãî Q ∈ C îïåðàòîð T±11(ε, k) : L2(−x0, x0) → W 2
2 (Q) óäîâëå-

òâîðÿåò ðàâíîìåðíûì ïî ε è k îöåíêàì

‖T±11‖ 6 Cε−2k,

∥∥∥∥
dT±11
dk

∥∥∥∥ 6 Cε−2k−2.

Ó÷èòûâàÿ äàííûå îöåíêè, (7.43), ëåììó 7.5 è ïðèìåíÿÿ ê (7.44) îïåðàòîð T±11(ε, k
±
ε,m), ïîëó÷àåì

ψ̂±ε,m = c±(ε)ψε,± + c±(ε)
(
T±11(ε, k

±
ε,m)− T±11(ε, kε,±)

)
gε,± +O(εm−5n±+2)

= c±(ε)ψε,± +O(εm−6n±+4),

ãäå ðàâåíñòâî âûïîëíåíî â íîðìå W 2
2 (Q) äëÿ ëþáîãî Q ∈ C. Òàêèì îáðàçîì, äîêàçàíà

Òåîðåìà 7.1. Ïóñòü ñóùåñòâóåò ñîáñòâåííîå çíà÷åíèå λε,±. Ñîîòâåòñòâóþùóþ åìó ñîá-
ñòâåííóþ ôóíêöèþ ψε,± ìîæíî âûáðàòü òàê, ÷òî îíà áóäåò óäîâëåòâîðÿòü àñèìïòîòè÷å-
ñêîìó ðàçëîæåíèþ (7.1) â íîðìå W 2

2 (Q) äëÿ ëþáîãî Q ∈ C. Êîýôôèöèåíòû äàííîãî ðàçëîæå-
íèÿ îïðåäåëÿþòñÿ ñîãëàñíî (7.10), (7.13), (7.14), (7.16) è ëåììå 7.2. Ïðè ±x > x0 äëÿ äàííîé
ñîáñòâåííîé ôóíêöèè ñïðàâåäëèâû ðàâåíñòâà (6.9), ïðè÷åì äëÿ ìóëüòèïëèêàòîðîâ κ± è κ−1

± ,
ñîîòâåòñòâóþùèõ ôóíêöèÿì Θ+

± è Θ−±, âûïîëíåíî ðàâåíñòâî κ± = (−1)ne−τ±ε , ãäå ôóíêöèÿ
τ±ε èìååò àñèìïòîòèêó (7.2) ñ êîýôôèöèåíòàìè, îïðåäåëåííûìè ôîðìóëàìè (7.16), (7.35) è
ëåììîé 7.2.

Àâòîð áëàãîäàðåí Ð. Ð. Ãàäûëüøèíó çà âíèìàíèå ê ðàáîòå è ïîëåçíûå çàìå÷àíèÿ.
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